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Shock waves
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The analysis is simple in two limiting cases

The first is one in which the B field before the
shock is normal to the shock surface, B;=0

This case is called "parallel" shock since the B field is parallel to shock normal direction
In such a case it is easy to show that B,, =0 behind the shock

Since both B, and B, are continous with B, =B,, and B,,=B,,=0, it follows that the
parallel shocks reduce to the pure hydrodynamic case, as if the B field is not
present =2



Shock waves
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The analysis is simple in two limiting cases

The 2nd case is when the B field is parallel to the shock surface, ie
perpendicular to the normal, B, =0

[Brn] =0

[Bn’Ut - Btvn] =0

In such a case, from 3rd equation we see that v, is continous - therefore we can

choose a reference frame in which v,=0 and the shock is a normal shock

From [Bpvi— Bwp] =0 And [pvn] =0 We get

Bi1/Bi> = p1/p2 While the others reduce to
2 2
[pv] =0 [p—|—pv2—|—B—t]:O [U2/2_|_w_|_B_t]:o
8m 4mp

Which are the hydrodynamics eqns with the additional magnetic
terms is momentum and energy flux
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Strong parallel shocks

For parallel strong shock the Rankine-Hugoniot read as
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These processes are dominated by scattering in the
irregularities downstream and upstream flux.

vel

They act as “scattering centers~ for collisionless
interactions, frozen into the plasma flux. Because of
this they may be approximated as “walls” of infinite

mass on which particles are “reflected”

At shock waves, acceleration of particles
occurs. The ingredients are:

* a physical mechanism to change energy at
each collisionless interaction with the
shock wave and
» a statistical process which gives an
average gain of energy with an enough
high number of encounters with the shock
wave front, i.e. suitable interaction time

Scattering elastico

The shock front does not play any
direct role.




Isotropization

upstream downstream

Particles in the cloud or around the shock front are scattered and isotropized by
diffusion in the B field fluctuations, so that their average motion is the same of the
cloud or of the fluid around the shock after few diffusion legnths. This means that the
particles are in average at rest in the local fluid frame.

The process 1s called 1sotropization

The process is collisionless therefore energy is not changed in the reference frame of
the cloud or shock

Since the mass of particle is << M, or M, . we can, in first approximation,
consider the cloud or the shock as “walls” of infinite mass on which the particle
“bounce” forth and back



SuperNova Remnants (SNRs)

A supernova remnant (SNR) consists
essentially of the stellar ejecta of the SN
explosion embedded in a hot expanding

bubble, preceded by swept-up
interstellar material and an outer blast
wave (strong shock) propagating into
the interstellar medium



CasA Supernova Remnant in X-rays
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Supernova Remnant Cassiopeia A

X-rays

2.9 pc, exploded 350 years ago



s supernova of 1572 AD

mRemnant of Tycho



Fig. 4 Left Panel: Morphology of the RX J1713.7-3946. The colors illustrate the high energy
gamma, ray emission as measured by HESS (Aharonian et al, 2007)), while the contours show
the X-ray emission in the 1-3 keV band measured by ASCA (Uchiyama et al, [2002)). Right
Panel: Morphology of the Tycho SNR as measured with Chandra (Warren et al, |2005). The
three colors refer to emission in the photon energy range 0.95 — 1.26 keV (red), 1.63 — 2.26
keV (green), and 4.1 — 6.1 keV (blue). The latter emission is very concentrated in a thin rim
and is the result of synchrotron emission of very high energy electrons.
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If we concentrate only on the velocity discontinuity, we can easily understand the interest of shock
waves for particles acceleration. In the shock frame, the upstream medium is coming toward the
shock with a velocity v; (note of course that v; = vg, where vy, is the shock velocity). Passing

through the shock the gas slows down and the downstream medium is moving away from the shock

with a velocity vy = vy /r = vgp (1. is the Compression ratio)

Let us now consider an observer at rest in the upstream frame. He sees the shock approaching
with a velocity v; = vgp, he also sees the downstream medium approaching with a velocity® Av =

V] — Uy = ("'_ ) vgp, (see Fig. 3.8a).

T
Now for an observer at rest with respect to the downstream fluid, the shock is going away with
the velocity vo we obtained before, but the upstream medium is coming toward the observer, again

with a velocity Av =v; — vy = ("_1) vsh (see Fig. 3.8b).

r

Upstream Downstream
rest frame rest frame

® ®
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FiG. 3.8: Schematic view of the shock wave as represented in Fig. 3.7, this time seen in the upstream

(left) and downstream (right) media rest frames.




Infinite plane shock with a magnetic field perpendicular to it

a)

U >> ¢, through stationary interstellar gas
mass conservation: p,v, = p,v,

reference frame of the shock front at rest:
for monoatomic or fully ionised gas y=5/3, p2/pl=(y+1)/(y-1) =4

upstream gas stationary:
isotropic distribution of velocities
the gas behind the shock moves with velocity V=-v +v,

downstream gas stationary:
isotropic distribution of velocities
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Fic. 3.9: Schematic view of a cycle as seen in the shock rest frame : the particle initially in the ISM
(upstream medium) enters the shocked medium (downstream medium), it is then isotropized by the
magnetic turbulence and reflected back to the upstream medium where the particle is isotropized

again and eventually crossed the shock to start a new cycle.
Let us assume the both the upstream and downstream media are magnetized . We are then in a
situation where a particle coming from the upstream medium and passing through the shock would
see the downstream medium as a "magnetic cloud" coming toward it (a cloud with a velocity Av with
respect to the upstream fluid rest frame). Likewise a particle coming from the downstream medium
and passing through the shock would see the upstream medium as a "magnetic cloud" coming toward
it (with a velocity Av with respect to the downstream fluid rest frame). We can then understand
that a particle which would cross several times the shock for instance from upstream to downstream
then back upstream could gain energy by interacting with moving "magnetic clouds". The critical

difference with the original mechanism proposed by Fermi is that with this configuration, all the

collisions would now be head-on. It is then likely that this mechanism involving charged particles

cycling across a shock front will turn out to be much more efficient than the original mechanism
proposed by Fermi. To prove this statement we need to perform the calculation of the energy

variation experienced by a charged particle during a cycle upstream — downstream — upstream.




Collisions on magnetic irregularities are always head-on
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Energy gain in a cycle

Before calculating the mean energy gain experienced by a charged particles during a cycle, we need
to set a series of physical hypotheses to define the framework of our calculation. The relevance of

these hypothesis will be discussed later on, throughout this section :
e The shock is an infinite plane
e The media upstream and downstream of the shock have an infinite spatial extension
e There is no limitation in time, the relevant physical quantities are in a steady state

e There are magnetic field inhomogeneities, both upstream and downstream of the shock which

"isotropize" energetic charged particles, the propagation of particles is diffusive in both media.

e The shock is non-relativistic vy, < ¢, the charged particles are relativistic vy >~ ¢ >> vgp.
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For this calculation we use unprimed quantities for the upstream frame and primed quantities for
the downstream frame. Let #;, be the the angle between the particle velocity and the shock normal
at the initial shock crossing in the upstream frame and @/, the angle of the particle with the shock
normal in the downstream frame, when crossing the shock back to the upstream medium. On a

cycle upstream — downstream — upstream, we have :

E = A/.'Em(l — [ cos gin)

in

(o}

(3.29)

~v and 8 would correspond to Yeoud and Beoud in the original Fermi mechanism. In the case of a
shock wave, they correspond to the velocity of the downstream medium in the upstream fluid frame

(see above) and then we have 8 = Av/c and v = ————. Using E! = E! ;. we get the already

familiar expression :

AE 8?2 — Bcosb;, + Bcosb. , — 3% cos b, cosb
) 1 — 32

/

! ut), the result

again, the mean fractional energy gain is obtained by averaging (cos#;,) and (cos#@

will however differ from the original case with magnetic clouds.

Energy gain in a

cycle




To obtain (cos#;,) and (cos@.,,), we need to know the probability of crossing the shock with an

angle between 6 and 6+ df. Let us neglect the shock velocity since vg, < vpart. The particle crosses
the shock with a velocity vpq¢ cosf and then asuming a particle density ng, the number of particles

passing the shock with an angle between 6 and 6 + df, through a surface dS during a time dt is :

dN* = ;ﬂvpart cos 0dQ2dSdt = ?vpart cos 0 sin 0dOdSdt (3.31)
a7

the probability of crossing the shock with an angle between # and € + df is then proportional to

cos @ sin0df. We then have :

. ‘ o - 67 ax
f:’”_‘“ cos?Osinfdf [ cos® 6],
(COS 9> — ren'zn — < 0"”” (332)

Jo. " cosOsin@df [ cos? 6],

g‘min 0,,”’”

for the crossing from upstream to downstream we have 0,,;, = 5 and 0,40, = 7 (particle and shock
velocities are antiparallel) which give :
2

(cosbiy) = —3 (3.33)

for the crossing back from downstream to upstream we have 6,,,;, = 0 and 6,,,, = 5 which give :

(cos

/
out

) =

Wl N




Energy gain in a cycle

Note that we implicitly got rid of some complications and of second order corrections by neglecting
the shock velocity in this calculation. Since v, < ¢ we also have Av < ¢ we can then neglect terms

in 32 in Eq. 3.30 calculating (AE/E). We finally get :

E 3

AE, 4, 4, (r-1
<_> = §3 — _,Bsh < r

where 3, = vg,/c and r is the above-mentioned compression ratio.

As anticipated, DSA is indeed an acceleration mechanism (since (%) is positive) with an energy

gain proportional to # which is a very important step forward when comparing with the original

Fermi mechanism. DSA is also called first order Fermi mechanism for obvious reasons.
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Shock waves: Energy gain including the shock speed

The mechanism for energy gain 1s always the same

The gain is given by “elastic” collision in the wall rest frame and a relativistic boost to the lab.

« In the ref. frame of the walls, E’ =v(E: +Vp.)), P’ =YP,,+ VE) (c=1

The collision is elastic (i. e colhs10nless) E’ = =E’. and

P =P ;
Going back to the lab frame
=Y(E - Vp ) =v(E ;+Vp ;)
=Y(p - VE p=7v(-p - VE )
Therefore E;=y(E";+ Vp' ;) =v*[(Ei+ Vp,) + V(pi + VE)] =
V[E, + 2Vp,, + V2E]
But p;, = v,,E; 2 E;=y2[E;+ 2V v, E, + V2ZE] =v2E[ 1 + 2V v, + V2]

1X1
—>the relatlve gain per each scattering is (put back c)

AE/E,=(E;-E)/E. = y*[1 +2V v+ V2] - 1= vy?[1 + 2V vcosB/c? + V2 /c? ] -1
V2 = [1— (V/c)?]~* AE/E; =~ [14+(V/c)?][1+2Vv cos§/c?+(V/c)?] -1

= 2V oS 0/c?+(V/e)2+(V/c)?+(V/e)?[2Vv cos 0/ c?+(V/c)?

It is the gain for non-relativistic shock waves, i.e. V<< ¢
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Diffusive Shock Acceleration

SHOCK FRONT

upstream ~_downstream DSA is the dominant mech. for quasi-parallel shocks.
In DSA particle scattering up- and down-stream 1s
crucial=> high level of turbulence and irregularities are
requested on both sides of the shock.
The magnetic fields on both sides are turbulent, so that
Dy, Aa the resulting scattering is quantified by the diffusion
coefficient D or by the mean free paths A

Magn turbulence

upstream_—I\aon turbulence

—

downstream

The crucial point is that in the ref frame in which one
of the fluxes is at rest, a particle always sees the other
side moving toward it (in a symmetric way for the 2
sides), so that the “collision” is always head-on.
Since the scattering centers are frozen into the
plasma, particle scatt. back and forth through the
shock front can be understood as repeated reflections
between converging scattering centers (i.e. “walls”
with infinite mass).

The B field fluctuations are frozen-in with the
plasma and carried with the plasma flow 22




Shock waves: Energy gain

Because of the stochastic nature of the process we cannot follow a single particle, but we can
work out the average energy gain.

The basic property is that when a particle enters in the scattering region, because of the random
distribution of the scattering centers, also its direction gets very rapidly randomized —key point-
so that the average speed of the test particle is the same as for the flow and an isotropic
distribution of directions can be assumed in a suitable ref. frame (the shock rest frame).

SHOCK FRONT e’ e d—

l][)h‘i Iealll . tvi()\‘.’llsl.l'(‘?l.lll upstream ' downstream
(low entropy) " (high entropy)

(AEE)= [ P(Q)%E(cos 6) dQ




DSA: Energy gain (1st order Fermi mechanism)

P(0) is prop. to the normal comp. of the particle
velocity along the normal to the shock, vcos0:

P(Q) dQ2 = (cosb/m)(2rsinBdB)=2cosBd(cosO) with
0<0<m/2

V is NOT the shock speed, but relative speed [u,-u,| of the flow speed upstream and
downstream in the SRF (i.e. Standing shocks).
In the lab, u,=U, the speed of shock front and downstream con u=(p,/p)U=>V=(1- p,/py)U

For V<<c, <AE/E> is of 1st order in V/c and is
maximal for relativistic particles v =c

24



SW ener ain: another approach
%g;(? rHRvorking both at a

Let consider another ap ~ the same physical mechanis

shock front both in a cloud of magnetized plasma with strong magnetic irregularities
acting as collisionless scattering centers (e.g. this can be thought as the turbulent
region ahead a shock front or even the whole galactic disk)

Downstream the
shocked gas
flows to the left
with speed u,
relative to the
shock front 2 in
the lab it moves
to the left with

upstream downstream V=-u, + u,

In the rest frame of the moving cloud or in the shock rest frame, we have

BRIV, SRICHDPDICRNIRI Because for ultra-relat. particles E/c=p

The collisions are elastic (because collision-less in the rest frame of the cloud/SW)
E,”=E,” and going back to the labo

Eo/c=~(E5/c+ Bypy M= v(E5/c)(1 + By cos 65 = v(E7/c)(1 + By cos b5
= 72 (E1/c)(1 — By cos 1) (1 + By cos 05 M= +2[(E1 /c) (148, cos b—By cos 61— Bir Cos 61 cos b

AE Fy—FE
—— =2 1R 12(14 3 coss—By cosb;—B7 cos by cosbh)—1

therefore

E
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SW energy gain: another approach

AFE  Eo— Ey
'E B
The crucial difference between the two cases comes when we take the angular averages to
obtain the average fractional energy gain per encounter.

— 72(1+408y cos 05— By cos 1 —B3 cos fy cos b5)—1

First, the average over 6,  has be to done

Cloud
In S’ (where the particle is at rest in average),
the particle distr. 1s 1sotropic because of the
random motion inside the cloud, therefore

dn/d(cosB,” )=const., —1< cosf, <I
Then < cosB, >=0 and
AE/EIZ’Y2 (1 —ﬁVCOSGI) -1 upstream downstream

Shock front
In S’ we have again a isotropic distr. but we have to project
on a plane (the shock front), therefore

dn/d(cosB, )=2cosb,” , 0<cosb, <l
Then < cosB, >=2/3 and
AE/E=y? [1+(2/3)By —PycosO, — (2/3)By*cosh,)] - 1
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SW energy gain: another approach

Shock front
In S” we have again a isotropic distr. but we have to project
on a plane (the shock front), therefore

dn/d(cosB, )=2cosB, , 0<cos, <l
Then < cosB, >=2/3 and
AE/E =y? [1+(2/3)By —PycosB, — (2/3)Py*cosO,)] - 1

The probability of the particles which cross the shock to arrive in a
solid angle d€2 around 0 dir in the time dt is:

dn o vcos0d€Qdt = dp(0) o< cosBd(cosh)

Normalizing so that prob is 1 for all the particles approaching the
shock (ie those with 0 <0 < 1t/2) one gets

dp(0) = 2cosBd(cosb)
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SW energy gain: another approach

Next we need to average over cos0,

Cloud 2nd order
The probability of a collision 1s ~ to the relative speed
between the cloud and the particle
dn/d(cos0,)=(c-Vcos6,)/2¢c, —1<cos0,<I
Then < cos0,>=-f,,/3 and
AE/E =y? (1 —Bycos0,) — 1= (1 +B*/3)/(1-p?) — 1=
= (4/3)7*B* = (4I3)B\2 if By << 1

Shock front
We have again a isotropic distr. but we have to project on a
plane (the shock front), therefore

dn/d(cos0,)=2 cos0,, -1<cos0,<0
upstream doinstreom Then < cos0,>=-2/3 and
AE/E,=y? [1+(4/3)V — (4/9)V?] — 1=

Ist order <: =v2[(4/3) B+ (5/9) B 2]~ (4/3) P if p <<1

NQ



Urel = |U(f1011d — Uparti(rln‘

\/(c — v cos ;)2 + v? sin® 0,

c \/(1 — Bcosh;)? + /32 sin? 0,

¢ \/1 + B2 — 23 cosb;

% \/(1 — 23 cos b);

c (1 — [ cosb;)




Spectrum of accelerated particles
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Fic. 3.9: Schematic view of a cycle as seen in the shock rest frame : the particle initially in the ISM
(upstream medium) enters the shocked medium (downstream medium), it is then isotropized by the
magnetic turbulence and reflected back to the upstream medium where the particle is isotropized

again and eventually crossed the shock to start a new cycle.

After calculating the mean energy gain obtained after a single cycle upstream — downstream —
upstream, one can try to estimate the number of cycles this particles are going to achieve before
"leaving the system". At first place, it is important to understand what mechanism is going to limit
the number of cycles a particle can perform. The critical point is that during each cycle a given
has a probability not to come back to the shock, in other word a probability to escape from "the

acceleration region".




Spectrum of accelerated particles

Shocked medium Interstellar medium

Voo
Voo T shock
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downstream
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e upstream
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Within our hypothesis (infinite media upstream and downstream and steady state), the particles
have no way of escaping upstream of the shock. Indeed since by hypothesis the accelerated particles
are isotropized by the ambient magnetic fields the accelerated particles fluid has no net velocity with
respect to the medium (either downstream or upstream) rest frame. As in the upstream medium
frame the shock is "going after the particles", the return probability at the shock is 1, meaning
that the escape probability is 0. In the downstream medium on the other hand, the cosmic-ray
fluid has a zero velocity with respect to the ambient medium and the shock is going away with a
velocity vg = vy, /r. This means that the accelerated particles fluid is in average slowly advected
away from the shock. The escape probability can be estimated by comparing the flux of particles
being advected far away from the shock with the flux of particle entering the downstream medium
by crossing the shock from the upstream medium. Before performing this trivial calculation, we can

give an alternative reasoning to understand the impossibility of leaving the system in the upstream

frame.




Spectrum of accelerated particles

Let us now consider individual particles rather than the "accelerated particles fluid" and let’s think
in term of diffusion as we did in the chapter dedicated to Galactic cosmic-rays. Let us assume a
particle enters the upstream medium (crossing the shock from upstream) at ¢ = (. Since we have
an infinite amount of time available and since the upstream medium is infinite (at least in the
framework of our hypotheses) diffusion theory tells us that the probability for the particle to come
back to the plane where it crossed the shock within the infinite amount of time available is 1. Then
the probability to cross the shock again would be 1 even if the shock was not moving. The fact that
the shock is going after the particle in the upstream medium makes it even easier for the particle
to cross the shock again.

Downstream, the probability for the particle to come back to the plane where it crossed the shock
(from upstream) is still one, but the problem is that during the time it took for the particle to
come back, the shock has moved away. If one calculated, using diffusion theory, the probability for
a particle, not only to come back to where it last crossed the shock, but where the shock actually
is at a given time ¢ between 0 and oo (which is actually the condition for the particle to come
back to the shock and be able to cross it again and which is, unlike in the upstream medium, a
more stringent condition than just coming where it last crossed the shock) then one would find a
probability smaller than 1, as a result of the shock going away with respect to the downstream fluid

frame.




Spectrum of accelerated particles

Let us now calculate the escape probability using our first reasoning in terms of accelerated particles
fluid. Let ng be the accelerated particle density. Due to the global advection of the downstream
fluid away from the shock front with a velocity v, the flux of accelerated particles passing through
a unit surface very far away from the shock is ¢esc = ngve. On the other hand the flux of particles

crossing the shock from upstream to downstream is given by :

no i no ngo
Cf)ud = = Upart / cos 0 sin 0df = T'L‘pa,-t >~ —cC

()

The escape probability is then simply the ratio of the two fluxes :

Pese 4, . -
Pose = C; ~ ~ B, = P,/P;=u,/u,is the shock (3.37)
; r o :
T compression ratio

We then have obtained so far (AFE) = % ("_1) BnE = kE and P.,. = 284,. We have everything

,. ,- I

we need to predict the slope of the accelerated particle spectrum :
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Spectrum of accelerated particles

After 1 cycle, the mean energy of particles injected with the energy Ej is :

E, = (1 + ]\'T)E()
thus after n cycles :

hl(E/E())

E,=(1+k)"E n =
(1+k)"Eo < n In(1+ k)

on the other hand, if we initially injected N particles then after n cycles we have :

In(E/Eg)

Arn - Ar()(]- - P&%s(f)n = A’r()(]- - Pes(.') In(1+k) = ‘\Y(Z Ell) (340)

the right hand side just meaning that particles which have achieved n end up with energies greater

or equal to E, (since they will either escape at the cycle or continue for more cycles). Using

an?t = elnalnb _ plna o1 q dropping the subscript n we get :

In(1—Pesc)

With a = (1-P,,) N N ETTeETs




Spectrum of accelerated particles

and since the shock is non-relativistic, B4, € 1 P < 1 and k < 1 .

Taylor’s expansion of exponent
11’1(1 - Pesc) ~ _Pesc
In(1+ k) =k

moreover

(3.43)

where n(E)dE is the number of particles with energy between E and E + dE and is the quantity

we are looking for. Then,

IN(> E) No (EN\°
— -~ n(E)=|—7—|=@-1)7% | =
r=P,/Pi=uy/u, n(E) dE I (x )E() (EU)

with (after developing P.s./k),

We obtain a power law spectrum with a spectral index x depending only on the shock compression
ratio r! For a monoatomic gas and a strong shock (v, = 5/3, M; > 1), the slope of the power law

is x = 2 and is "universal"’.




The Diffusion-Convection Equation: A more formal
approach

Obviously the above derivation is rather basic and more advanced techniques
exist. While 1t 1s not the goal to explain all of these in detail, it is instructive to go
over the main ideas. Apart from being relevant results themselves, these
theoretical efforts are often the inspiration for simulating the acceleration
process. Essentially there exist two approaches to finding the spectrum. In the
first one, by Bell[72], one considers the behaviour of one individual particle and
then take averages, like was done above. The second approach, which follows the
papers by Krymskii[70], Axford, Leer and Skadron[71] and Blandford and
Ostriker[74], uses a macro-approach where one considers the distribution
function of the particles. Many good reviews on the theoretical efforts in the last

decades exist[75][76][59][61].
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The Diffusion-Convection Equation: A more formal approach

The main idea of the first order mechanism described above is that the accelerated
particles diffuse on each side of the shock, allowing for head-on collisions required on
shock crossing, leading to the alternative name ‘diffusive shock acceleration’. Therefore, to
theoretically model the acceleration process, one can try to solve the distribution function
f(x,p,t) on each side of the shock from the transport equation for diffusive transport (or
actually more appropriately called the Fokker-Planck equation, since we are concerned with
individual particles and not flows) and then connect the distributions at the shock front.
Most generally the equation is

o L v. Vf=V(kKVf)+ v vpd

of

ot 3 Op

with V the plasma flow speed. The second term on the left hand side represents advection
by the scattering centres which are moved by the background motion. The first term on
the right describes ordinary diffusion, with generally £ the anisotropic diffusion tensor.
The second term on the right represents adiabatic momentum changes as the large scale
motion of the medium is diverging or converging at the shock. This last term 1s part of the
continuous energy losses term of the transport equation 0/0E (b(E)N) with b(E) =
adiabatic energy loss, Q is the source term. 37



SHOCK

Th e di ffu S i O n UPSTREAM | DOWNSTREAM

approach

For a stationary parallel shock, namely a shock for which the normal to the

\,
‘‘‘‘‘

shock is parallel to the orientation of the background magnetic field (see Fig.

@) the transport of particles is described by the diffusion-convection equation
(Skilling,, [1975a) (see (Blandford and Eichler, |1987) for a detailed derivation),
which in the shock frame reads: Stationary shock means steady state solutions, 0 #/0t = 0

5f
az

where f(z,p) is the distribution function of accelerated particles, normalized
in a way that the number of particles with momentum p at location z is
[ dpdnp? f(p, z). In Eq.
the RHS is the spatial diffusion term. The second term on the RHS describes
the effect of fluid compression on the accelerated particles, while Q(z, p) is the

injection term.
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0 [ Bf}_l_ldu of Lo (34)

" 0z 0z 3 dz

the LHS is the convection term, the first term of




A few comments on Eq. are in order: 1) the shock will appear in this
equation only in terms of a boundary condition at z = 0, and the shock is
assumed to have infinitely small size along z. This implies that this equation
cannot properly describe the thermal particles in the fluid. The distribution
function of accelerated particles is continuous across the shock. 2) In a self-

consistent treatment in which the acceleration process is an integral part of
the processes that lead to the formation of the shock one would not need
to specify an injection term. Injection would result from the microphysics
of the particle motions at the shock. This ambiguity is usually faced in a
phenomenological way, by adopting recipes such as the thermal leakage one
(Malkovy 1998} |Gieseler et al, 2000) that allow one to relate the injection to
some property of the plasma behind the shock. This aspect becomes relevant
only in the case of non-linear theories of DSA, while for the test particle
theory the injection term only determines the arbitrary normalization of the
spectrum. However it is worth recalling that while these recipes may apply to

the case of protons as injected particles, the injection of heavier nuclei may
be much more complex. In fact, it has been argued that nuclei are injected at
the shock following the process of sputtering of dust grains (Meyer et al, {1997}
Ellison et all 1997).

For the purpose of the present discussion I will assume that injection only
takes place at the shock surface, immediately downstream of the shock, and
that it only consists of particles with given momentum p;;:

Qp, @) = 1—3-6(p — Ping)3(2) = 203 (2), (35)
TDin;j
where n; and u; are the fluid density and fluid velocity upstream of the shock
and 7 is the acceleration efficiency, defined here as the fraction of the incoming
number flux across the shock surface that takes part in the acceleration pro-
cess. Hereafter I will use the indexes 1 and 2 to refer to quantities upstream
and downstream respectively.




The diffusion approach

The compression term vanishes everywhere but at the shock since du/dz =
(ug —u1)d(2). Integration of Eq.[34] around the shock surface (between z = 0~
and z = 07) leads to: k%

of of fo
5, [P5), b o

where fo(p) is now the distribution function of accelerated particles at the
shock surface. Particle scattering downstream leads to a homogeneous distribu-
tion of particles, at least for the case of a parallel shock, so that [0f/0z], = 0.
In the upstream region, where du/dz = 0 the transport equation reduces to:

0 of j| _0 Quantity in parenthesis is constant. Since must go
- J

e [“f‘Da

and since the quantity in parenthesis vanishes at upstream infinity, it follows
that

to 0 when z = -9, it must be zero everywhere

[D%} . = ulfo. (38)

At the shock front upstream, [D(0f/02)],; — [uf]; = 0. Butu = u; and f = f, at 0- and therefore (38) holds




** Integration at the eshock

+e i % 8f 1 du af f is continous at shock (in [-€, +€])
I dz[az [D az] eyl et )] du/dz = (3, - uy) )
Q(z,p,t) = q)(p)0(2)

f— dz[az[ _f]_u_f+ (”2‘”1)5(Z)P o

P o + 4y (p)é(z)]

The contribution from af/ Oz is = O, as can be UPSTREAM | DOWNSTREAM
seen integrating by parts due to the continuity of f

[D%} [ af +— (uz u1)pfo+%(p)
0zf, 3 op

0z |,

f, is the distribution at the shock (due to the
0(z)) and represents the distribution
function of the accelerated particles

Fig. 6 Illustration of test-particle acceleration at a collisionless shock. In the shock frame

the plasma enters from the left with velocity u; and exits to the right with velocity ua < uj.
Here the test particle is shown to enter downstream with cosine of the pitch angle p (as
measured in the upstream plasma frame) and exit with a cosine of the pitch angle u’ (as
measured in the downstream plasma frame).




The ditfusion approach

Using this result in Eq. @ we obtain an equation for fy(p)

1 dfo n nmiuy

urfo = g(uz —w)p- s+ 50— ping), ¥FF(39)
mj

3

which is easily solved to give: The shock compression ratio r = p,/p; = u,/u,

3r

folp) = 2 (2) T (10)

r—14mp2,, \ping

The spectrum of accelerated particles is a power law in momentum (and not in
energy as is often assumed in the literature) with a slope a that only depends
on the compression ratio r:

3r
r—1

The slope tends asymptotically to o = 4 in the limit My, — oo of an in-
finitely strong shock front. The number of particles with energy € is n(e)de =
4p? fo(p)(dp/de)de, therefore n(e) o< e~ for relativistic particles and n(e) o
e(1=2)/2 for non-relativistic particles. In the limit of strong shocks, n(e) o €2
(n(€) o< €73/2) in the relativistic (non-relativistic) regime.

(41)

o =




kX% solution

the solution i1s

Imposing the continuity of f at p;, f(p;,) = qo, We get
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The ditfusion approach

fo(p)=i Ll (i) -

r—1 4~7rp51j pmj

The slope tends asimptotically to & = 4 in the limit M =0 of an infinitely strong shock front.
The number density of particles with energy between E and E + dE is

5 dp
=4 —
n(E)dE ap”f, (p(E)) E dE

For ultrarelativistic particles (UR) p = E and [0S X
For non relativistic particles (NR) p = 2mE)"/? and [k E-o)2

For strong shocks &X = 4 and
n(E) o £ For UR particles

n(E)ox E~"7 For NR particles

44



The ditfusion approach

Some points are worth being mentioned: the shape of the spectrum of the
accelerated particles does not depend upon the diffusion coefficient. On one
hand this is good news, in that the knowledge of the diffusion properties of the
particles represent the greatest challenge for any theory of particle accelera-
tion. On the other hand, this implies that the concept of maximum energy of
accelerated particles is not naturally embedded in the test particle theory of
DSA. In fact, the power law distribution derived above does extend (in prin-

contains a divergent energy, thereby implying a failure of the test particle as-
sumption. Clearly the absence of a maximum energy mainly derives from the
assumption of stationarity of the acceleration process, which can be achieved
only in the presence of effective escape of particles from the accelerator, a point
which is directly connected to the issue of maximum energy, as discussed in



-
SOME IMPORTANT COMMENTS

¢ THE STATIONARY PROBLEM DOES NOT ALLOW TO HAVE A MAX
MOMENTUM!

s~ THE NORMALIZATION IS ARBITRARY THEREFORE THERE IS NO
CONTROL ON THE AMOUNT OF ENERGY IN CR

s&AND YET IT HAS BEEN OBTAINED IN THE TEST PARTICLE
APPROXIMATION

s THE SOLUTION DOES NOT DEPEND ON WHAT IS THE MECHANISM THAT
CAUSES PARTICLES TO BOUNCE BACK AND FORTH

s FOR STRONG SHOCKS THE SPECTRUM IS UNIVERSAL AND CLOSE TO E®

¢ IT HAS BEEN IMPLICITELY ASSUMED THAT WHATEVER SCATTERS THE
PARTICLES IS AT REST (OR SLOW]) IN THE FLUID FRAME



Acceleration time

* see eqn. 3.36

In the assumption of isotropy, the flux of particles that cross the shock from
downstream to upstream is nsc/4, which means that the upstream section is
filled through a surface X' of the shock in one diffusion time upstream with a
number of particles ns(c/4)74i5f,12 (ns is the density of accelerated particles
at the shock). This number must equal the total number of particles within a
diffusion length upstream L; = D;/uy, namely:

c D
nsZETdiff,l = nszu—lly (45)

which implies for the diffusion time upstream 74;771 = iﬁll . A similar estimate
downstream leads to 7q4;ff2 = iﬁ;, so that the duration of a full cycle across

the shock is 74;rf = Taifs,1 + Taiff,2. The acceleration time is now:

(46)

Tace —
Ui U2

E___3_[b1, D]
AE/Tdiff U1 — U2 .
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Acceleration time

Define a cycle = U — shock =+ D — shock = U. so Tace = E/(dE/dt) = Teycle /€. But.

Teycle = ?
Let to be the average time spent in D before returning to the shock. i.e., for (S — D — S).

Average distance in D through which particle diffuses in time ¢ 1s /&= v/kat. with ko = diffusion
coefficient in [,

Average distance through which the particle 1s advected in D in time ¢ 1s = uot.

The particle is lost downstream (i.e.. low probability of returning to shock) if uot > /kot. Thus.
‘refurning zone boundary” is given by the condition ust &~ +/kot. Thus only the particles within a

ko
distance d> =~ — from the shock return to the shock.
U

. . o . . ko
Number of particles per unit area within the ‘returning zone’ 1s ncpds = nop —. Thus,
U
i 4 ko
ta 2 IH'CRdQXTCI‘DSS- Le.ts = ——.
C U9
. ' i al T —y _]: 'I'f
Similarly. for § — U — S). wehavet; = ——. Thus. Toycle =
C U]

Note that the higher is the diffusion, the longer is the acceleration time




A CRUCTAL ISSUE: the maximum energy of accelerated particles

1. The maximum energy is determined in general by the balance between the
Acceleration time and the shortest between the lifetime of the shock and
the loss time of particles

2. For the ISM, the diffusion coefficient derived from propagation is roughly
D(E)=3x10*E%, a=~0.3-0.6

3 [DI(E)+ DZ(E)]

Tacc (E) =
u -u, u, u,

For a typical SNR the maximum energy comes out as FRACTIONS OF GeV Il

Particle Acceleration at Parallel Collisionless Shocks works ONLY if there is

additional magnetic scattering close to the shock surface that makes the diffusion slow




Acceleration time scale

Energy gain at each crossing : AE = ZE if r = 4.
What is the duration of cycle ?

It depends on particle isotropization timescale
We introduce the diffusion coefficient D in m?.s~"

During time t, particle diffuse in its medium on a typical
length :

ly = /Dt

In the meantime, the shock has moved on a distance : [y = vt
Equating the two length give the residence timescale :

D

t=
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Acceleration time

(Ateyere(E)) = 4 (Dl(E) + : (3.46)

v1C

where Dy and D> are the diffusion coefficients for the upstream and downstream media respectively.

Then for the acceleration time we have :

(tace(E)) = <At"§l§(E)> x D.(QE : (3.47)
<T> Ush

The energy dependence of the acceleration time is then given by the energy dependence of the
diffusion coefficient which is related to the type of magnetic turbulence. As we saw in Chapt. 2 that
for a Kolmogorov turbulence, n the limit rz(E) < Ajpq we have D(E) x E 1/3. We will make a

different assumption in the following mostly for the sake of simplicity. D(R):A(R) CB / 3

Indeed, in most calculation, the Bohm scaling (or Bohm approximation) is usually assumed for the

energy evolution of the diffusion coefficient. In the general case : D(E) = %lscatu where lseqt 1s the

scattering length (or mean free path), i.e the length on which the particle get "randomized" and
losses the memory of its initial direction and v is the velocity of the particle. The Bohm diffusion

coefficient is obtained by assuming ls.qt(R) = r1(E), where r;, = % = % is the Larmor radius of

a particle of momentum P and rigidity R” (see Chapt. 2). We then have,

1
DBohm (R) = §7'L (R)(

[




Acceleration time

With the Bohm hypothesis, we then get :

(a dependence in R'Y/3 would be expected for a Kolmogorov turbulence).

Before going further we can obtain some useful scaling laws (the reader is invited to recalculate

them) :

R B\
rp(R) ~ 1.1 x <W> X (pG) pc

-1
DBohm(R) ~ 3.4 X 1028 X ( Ul ) X ( B ) (:1112 s_l

1015V uG

Let us now quantify a little our finding using typical parameters probably at play in a supernova
remnant. We remind that supernova remnants are what remains of a supernova hundreds to tens of
thousands of years after a supernova explosion. The phenomenon is explained by the propagation of
a supersonic plasma, emitted at the time of the supernova event, through the interstellar medium.
The shock wave is known to heat up the shocked interstellar medium and to accelerate electrons
and nuclei which emit non thermal radiation up to very high energies. Supernova remnants are

considered as one of the best source candidate for the acceleration of Galactic cosmic-rays®. The




The physical parameters which are important to discuss CR acceleration by supernova

9

remnant evolve with time”, we will limit ourselves for the type being to typical values thought to

be at play in the vicinity of the shock wave a few hundred years after the supernova explosion.
The typical value of the magnetic field and the shock velocity is thought to vary from remnants to
remnants B ~ [100, 500] uG, vg, ~ [1000, 10000] km s7!. Let us use B = 100 uG and v, = 3000
kms~! as typical values. For a proton at 100 GeV we have Dpypm,(100GeV) ~ 3.4 x 102 cm?s— 1.
Thus,

4D(E)

CUghp

~ ~ = 4 -
(At(:y(:le>l()() GeV =~ ~ 1.510%s

(Atcyete100cev  4D(E)

(tace)100 Gev = ( A E> o~ >— ~ 1.5 10%s ~ 17.5days

12
“sh

E

Using tue.(F) o< E (assuming Bohm scaling) we get :

<ta(:(:.> 1015 ey = 480 years

Although the discussion of cosmic-ray acceleration in supernova remnants goes of course far beyond
the order of magnitude calculation we just made, we can use our results to compare with what
we obtained for the second order Fermi mechanism we discussed in the previous section. The
comparison speaks for itself. With DSA we now get much more reasonable acceleration times
which can be achieve within the source lifetime (see next chapter for a more complete (although

oversimplified) discussion) and which can also compete with energy loss mechanisms.




Acceleration time

The diffusion distance upstream of the shock is then :

It is possible to show that the duration of a cycle is :

4 /D D
Tacc:_<_1‘|‘_2>

C \ Vq Vo

We use in general the Bohm diffusion coefficient

__pc
D= 3ZeB

Then assuming Dy = D,, we have
_4(r+1)E
' = 3ZeBwic
The energy gain rate is then :
de.  AE  r—1
dt  Tace r(r+1)

x E

ZeBv?




Acceleration time

For a typical young supernova remnant shock :
vi ~ 10%km/s and B = 2nT :

dE v °/ B
E'\’%kev/s(m‘*km/s) (W)

To reach 100 TeV, only ~ 100 yrs are necessary.

Efficient acceleration mechanism!

Emax is limited by several factors :

e Energy losses (Coulomb, radiative, inelastic collisions)
e Time : age of the system limits the energy
e Particle escape (geometry effect)

Maximal energy depends of system physical conditions
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Particle confinement and maximum
achievable energy

At this stage, it is useful to discuss the some of the assumptions we made to calculate the accelerated
particle spectrum, i.e infinite media (upstream and downstream) and steady conditions (shock

lasting forever).

In any astrophysical source, the acceleration region has in principle a finite spatial extension (and of
course a finite age and activity duration) and as a consequence, the Larmor radius of the accelerated

particles cannot exceed the size of the acceleration site.

. . L _ , , - . s . size
Taking for instance B = 100 puG and Lgyuree = 1 pc, one can estimate a maximum energy E>'*¢

such that r L(Ef,;gg) = Lsource- With these parameter, one gets Esize ~ 7 % 107 eV or in terms of

mar —

the maximum rigidity R%¢, ~ 1017 V.

maxr —
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Particle confinement and maximum
achievable energy

An argument very close to that one was used by M. Hillas (in 1984) to build the famous Hillas
diagram estimating the maximum energy achievable for cosmic-rays in different types of sources as

a function of their size and their ambient magnetic field. Hillas constructed his famous diagram in

020

order to select viable sources for cosmic-ray acceleration above 10" eV, a version of it is visible in

Fig. 3.10. We must note that the "Hillas condition" is a necessary but not sufficient condition to

estimate whether or not a given energy can be achieve in a given type of source. In most case as

we will discuss later the maximum energy estimated with this criterion is overoptimistic. Moreover
energy losses, which may limit the acceleration process (see next chapter) and which are specific to

a given type of source, are not accounted for in this argument.

Y
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Fic. 3.10: Hillas diagram constructed by plotting different sources characteristics in the (size,
B) plane. Sources above the green line may be able to accelerate Fe nuclei above 1020 eV, while
those above the dashed and full red lines may be able to accelerate protons above 1020 and 10%! eV
respectively. Note that the Hillas must be interpreted with the greatest caution : (i) The Hillas
criterion is a necessary but not sufficiently condition to reach a given maximum energy. (i) The
maximum energies estimated using the Hillas criterion are overoptimistic (see text). (i) Energy
losses during the acceleration process (which may limit the maximum reachable energy) are not

taken into account.




Particle confinement and maximum

achievable energy

A slightly higher level argument can be used to derive a more quantitative estimate. In diffusion
theory, one can show that the typical distance from the shock a particle manages to reach upstream

or downstream and which is called the diffusion length is given by :

D(E
Ly ~ 2B

Ush
when the value of Lg;rs reaches a value of the order of the spatial extension of the magnetized
region upstream of the shock then particle escape in the upstream region becomes efficient (and the
approximation we made for our calculation is broken). We can then define a maximum energy due

to particle confinement E,C,f;lf such that Lg;s f(E,(;%lg)

= Lyp, where Ly, is the size of the magnetized
region upstream of the shock. Since particles with energy of the order of E,c,%laf will escape efficiently
upstream rather than re-crossing the shock, this escape mechanism is going to limit the maximum
energy achievable by cosmic-rays which was not the case in our idealized calculation. This is however
a good thing since the particles escaping downstream of the shock were not accelerated anymore
but were still trapped within the source without any possibility to escape through the interstellar
medium until the phenomenon at the origin of the acceleration dissipates. These particles would be
likely to experience energy losses while being confined in the source. Particles escaping upstream by
de-confinement eventually escape through the interstellar medium and can propagate throughout

the Galaxy.




Particle confinement and maximum
achievable energy

Particles with energies close to E,C,?gf can escape efficiently upstream while at much lower energy
the probability for reaching the boundary of the magnetized region upstream of the shock is very
low!?. For these low energy particles the above approximation of an infinite spatial extension for

the upstream medium is relatively accurate.

R B\ ! Vgl -1
dif f(R) 0 (101"\7) 8 </LG) . <100()kms—1) .

Using the same supernova remnant parameters as before and assuming L,,, = 0.1 pc (the size of the

upstream magnetised region is often assumed to be of the order of 1/10th of the size of remnant for
which we use Lgource = 1 pc). We get Ef,%lg ~ 7 x 310" eV (or R‘,;?Zf ~ 310 V) which is indeed

much smaller than the above calculated E;'=°.

The important thing to understand here is that particles escaping upstream are directly released
in the ISM and will eventually propagate through the Galaxy. They are the cosmic-rays we expect
to detect on Earth. Since only particles with rigidities close to Ri}i’i}{ have a significant probability
to escape upstream by reaching the boundary of the magnetized region, the spectrum of particles
escaping upstream is expected to be much harder than the spectrum of accelerated cosmic-rays (one
might call this phenomenon a "high pass filter effect"). This very important fact is illustrated in
Fig. 3.11.
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(infinite spatial extension)

A e e aa. Accelerated particles spectrum
(Ly¢ condition)
----------- Spectrum of particles escaping
upstream (L, condition)
——— — 3
. (-
E2dN/dE . P
. \
.. h
. :
. )
: i
. 1
. |
. i
. t
: b
- =- ~
E_Emaxconf E

Fi1G. 3.11: Schematic view explaining the impact of the existence of the diffusion length and the
limited confinement capabilities of a source : When the spatial extension of the source is assumed
to be infinite, the spectrum of the accelerated cosmic-rays is proportional to £~2 and can reach
arbitrarily large energies (blue line). When the spatial extension of the source is considered (and the
condition on Lg;¢f(R) applied), the spectrum of the accelerated cosmic-rays is still proportional to
E~2 but the acceleration mechanism becomes inefficient above E,‘,;Z’f since particles start to escape
upstream of the shock rather than coming back to the shock and starting a new cycle (orange dashed
line). Finally the dark blue dotted line shows the spectrum of particles which manage to escape
upstream of the shock. The spectrum is very hard (almost a Dirac distribution) since the escape

probability only becomes significant for energies close to ESY  Above this energy the efficient

escape upstream prevent the particles from performing extra cycles and reaching higher energies.



Maximum energy : size limit

e |f the shock is not an infinite plane, the particle diffusing far
upstream won'’t be catched up

e E.g.:a SNR has a spherical shape of radius R

Particle distribution upstream : n(x) = npe~ /" *

Characteristic length / = 2

Escape if | > nR. that is using the Bohm limit (Agix = ry) :
pe NB: typo R, = R, Vsc = V|
D = 3 Z p B = ’r]VSCRS = Emax,sjze = 326877 VsRs

with n < 1 a factor controlling the escape probability
In the adiabatic evolution phase : R = Rsrt?/® and
Ve = Vgrt™3/°

Emax,size = 3ZenB VSTRSTt_1/5

—1
n E Mo
Emax,tail/e =125TeV Z (0_2) (1044J) (106m—3 1O3ans)




Age limit

Another source of limitation for the acceleration of cosmic-rays might come from
the "age" of the source (in other word the amount of time during which the source

has been active). This criterion
is relatively straightforward to understand : if a source has an age tsource then only the rigidities

for with t40c(R) < tsource can be potentially reached.

For instance, we saw earlier that <ta,cc(1015 V)) =~ 480 yr. Thus for an SNR with B = 100 uG
and vy, = 3000 kms~! the maximum rigidity due to the age of the source after 480 yr will be
RM¢. ~ 10 V. Since in the Bohm hypothesis, (tace(R) o< R) then if vy, and B were constant with

. age
time, we would expect Rynyas X t.

63



Age Limit

Let us know discuss the comparison between Ry, and Rf,%l{ , assuming for the time being vy,
and B are constant with time. After 480 yr, we have Lgource = vgp, X t =~ 1.45 pc. Let us take
Lyp ~ 0.1 Lsource =~ 0.145 pc. Then we would get with the same calculation as above Rﬁ;‘fg’{ (480 yr) ~
510 V. Then at t = 480 yr we have R;‘ZZQJ: ~ Ryiee (within a factor of 2) and it should remain
so at least while vy, and B are constant (in which case as we saw Ry o t and moreover Ly o

LS’OUJ("(’ X f : R;;(ZZ}.{ t

In this situation the escape of particles becomes efficient at a rigidity which is practically the same
as the maximum rigidity the cosmic accelerator can achieve (due to its age). This is actually a quite

optimum situation and we can understand this points by considering two extreme case :

. . p con . . . . . . .
(i) if R > Ryaz, in this case, the escape of particles at the maximum energy achievable is

inefficient and then the accelerated particles remain trapped in the source.

cey e p con age . . . v . . % Yoy s
(i) if Rma;{ < Rpjqe, in this case, particles escape becomes efficient at rigidities much lower than
the maximum energy the source could achieve. This efficient escape would "break" the acceleration

. . . . . . aqge
mechanism (see above) before reaching the rigidity Rpiaz.

con . . o N . v . .
The case Rma{ ~ Rpyer is then optimum since the criteria for an efficient particle escape upstream
and for the acceleration of the particles to the maximum possible energy due to the age of the source

are met at the same time.




Maximum energy : age limit

Maximal energy of a particle in an accelerator for time t
Using the acceleration rate :

t E t
Emax — d—dt — /
0

o at r(r+
If we assume the shock velocity is constant

r—1

2
2 eB vt

Emax,age —

Or for r = 4 and parameters typical of a supernova remnant :

E 12TeV 5B Vs 2 ;
max.age 1nT ) \ 5103km/s 100yrs




SNR : maximum energies

Maximum energy grows with time until ¢ so that

Emax — Emax,size(t) — Emax,age(t)

This limit is typically of the order of

E...~120TeV Z (i>

1nT

With typical B fields, Supernova Remnants can’t
accelerate up to the knee (3 10'° eV)!

Once this limit is reached, the most energetic particles
escape slowly (Epax o< t=1/9)

Electrons are very quickly limited by radiative losses
The higher B, the lower Epax e

e The highest energy particles escape slowly the SNR
shock : efficient acceleration for a limited period of time




Toy model of the time evolution of a SNR

As mentioned in the previous chapter, the SNR phenomenon is caused by the ejection of a supersonic
plasma (or wind) at the time of the supernova event. The supersonic flow propagates in the
surrounding ISM, the gas swept by the shock is both compressed and heated (see Eqs. 3.21 to
3.28) and particles are expected to be accelerated by the DSA mechanism. The flow propagates
until it becomes subsonic and eventually mixes with the ISM, the whole process lasts in total up to

10° years. From the point of view of particles acceleration a SNR probably remain efficient during

~ 10% years or so. During this period of time there are mainly two phases in the shock propagation
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Toy model of the time evolution of a SNR

(i) The free expansion phase which lasts a few hundreds of years in general (depending on the
characteristics of the wind and of the surrounding ISM). During the phase, the shock velocity vgp,
is in good approximation constant which means that the shock radius Rgj, is proportional to the
elapsed time, Rg, o< t. The time evolution of the magnetic field in the vicinity of the shock is
not precisely known while it is of course a quantity of major importance for particle acceleration.
We will assume in the following that the shock magnetic field B remains constant during the free
expansion phase (1.e, proportional to vg). It is however important to note that scenarios involving
very strong magnetic fields at the very early times of the shock propagation are currently extensively
studied®.

'These scenarios are relatively attractive since (as we will discuss later) there is no signature of the acceleration
of cosmic-rays up to the knee energy in the photon spectra of the SNRs observed in v-rays. Since those SNRs are all
more than 100 years old, it can be invoked that those SNRs are not able anymore to accelerate cosmic-rays up to the

knee energy but that they were earlier in their evolution. The scenario we will discuss in the following is different

since we will assume B is constant during the free expansion phase.




Explosion and free expansion

phase
Kinetic energy released during Supernova explosion
Ex ~ 10*J
Sphere of ejected matter (total mass M) expanding in a
uniform density medium.

At the shock itself, V is constant (no energy loss). The shock
radius is then Rs = Vit.

The total kinetic energy is :
1

Ey ~ 5 Mej Vz

For an explosion of Ex = 10* J with Mg; = 1M,

- Es E. 1/2
Vs = ‘/ZMT,- — 10000km/s (1044J> (

In the early phases after the explosion the shock speed
can be has large as 0.03c!




(i) The Sedov-Taylor phase : after a few hundreds of years, once the shock has swept a mass of

ISM greater or equivalent to its own, the shock starts to decelerate. During the Sedov-Taylor phase

the velocity of the shock radius is expected to scale as Ry, o t2/5 and then Vsh X t=3/5. We will

not discuss in detail the implications of the Sedov-Taylor phase for the SNR gas dynamics but just
the aspects of the evolution which are relevant for particle acceleration within our simplified model,
the interested reader can find many more details in the chapter 16 of M. Longair’s book, "High
Enerqgy Astrophysics". The Sedov-Taylor scaling is a standard result of fluid dynamics obtained by
dimensional analysis (see M. Longair’s book " Theoretical Concepts in Physics") and experimentally
observed in the behavior of shock waves produced by nuclear explosions®. The evolution of the
magnetic field during this phase is not well known, we will assume, as in the free expansion phase

that the magnetic field is proportional to the shock velocity?, B o vgj,.
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Transition to the Sedov-Taylor

phase

When the ejected mass is equal to the mass of the swept up
interstellar matter, hydrodynamic evolution changes. SNR is
now an adiabatic phase where the evolution is guided by the
inital kinetic energy and the mass of the swept up matter
Temperatures are very large (so T > 108 K) so that radiative
cooling of the thermal energy is inefficient and evolution is
adiabatic
Transition when :

4 4

§7er’ng = §7rvg’t3po = My

Thatis :

= _
tST:120yrs<1O44J> (

No
106m—3

Rsr = 2.2pc (




Sedov-Taylor phase

An autosimilar solution allows to describe the adiabatic evolution
of an expanding shock wave.

Simply, if we assume that a constant fraction of the energy is in
the form of kinetic energy

pR*V? = const

R3/ 2% — const

Therefore

R/2xt and Roc t?/® Vo t73/5




Let us assume, for our toy model, that the initial velocity of the shock is vs, = 3000 kms—!, the

magnetic field B = 100 uG and that the free expansion phase lasts for 480 years before entering

in the Sedov-Taylor phase4. Under these assumptions, the time evolution of R, and vy, are

represented in Fig. 4.1.

Free expansion I Sedov-Taylor

|
| 1 1 ! 1

1 | 1
100 1000 10* 100 1000 10*
tyr tyr

Fic. 4.1: Time evolution of rg, (left) and vy, for our SNR toy model parameters (see text).




Free expansion phase

From our discussions in the last paragraph of Chapt. 3, we already know the evolution of ng%

and R,Js: in the free expansion phase. We know that R%§$(480 yT) 10 V and R%Zg (480 yr) =~
510 V. Since we are assuming the Bohm scaling for the rigidity evolution of the diffusion coefficient
and as a result that t4..(R) o< R then we get RS, o t. On the other hand since vg;?nzs%é}ct and then
Ry, o< t, with our assumption of L, ~ 0.1Ryy, (see the last paragraph of the previous chapter) then
we have L, o< t which gives (still due to the Bohm scaling assumption with yields Lg;r(R) o< R)
nggg x t. We can deduce the time evolution of Rio.. and R,%;’Z,{ during the free expansion phase,

for our choice of physical parameters :

R9¢  ~ 1015

a —— | V for t <480 4.1

and

maxr —

Ré ~ 5101 (L> V for t < 480 yr (4.2)

480 yr




Sedov-Taylor phase

The time evolution of the different maximum rigidities can be calculated very simply from the

definitions of ng% and RyJr..

RyJes: is such that tgee(Rutar) = tsource- Since,

4D
tace(R) =~ Q(R) X ul then R*°¢ th2h oc tt3/5¢76/5 o ¢=4/5 (4.3)
v B’02 max s
sh sh

using the assumed Bohm scaling of the diffusion coefficient, the scaling with time of vy, during the

Sedov-Taylor phase and our assumption on the magnetic field evolution.

On the other hand, Riod is such that L ss(Rens) = Lup =~ 0.1Rg,. Since,

D(R R
Liitf(R) ~ Uih) X Boo, then Rf,‘{% o¢ Ry Bug, oc t2/5473/5¢73/5 o $=4/5 (4.4)

(try to redo this reasoning assuming for instance that the magnetic field is constant, or using
D(R) o R'Y? rather than the Bohm scaling)




Sedov-Taylor phase

We then get during the Sedov-Taylor phase we then have

—4/5
t
RY¢ ~ 10" [ —— V for t > 480 4.5
max <480 yr) ort > yr ( )
and
; y , —4/5
Reo ~ 510 P a— V for t > 480 4.6

We see that, within the assumptions of our toy mode157 RYE. and Rﬁ,‘iﬁi evolve the same way time
(see Fig. 4.2). As a result, as far the escape of cosmic-rays into the ISM is concerned the discussion
we had at the of the previous chapter remains true during the whole shock propagation which means
that during the whole shock propagation in the ISM, cosmic-rays with rigidities close to Rpiqz(t)
escape efficiently from the source. The value of the maximum achievable rigidity increases during
the free expansion phase reaching its maximum value before decreasing during the Sedov-Taylor

phase as illustrated in Fig. 4.2.

°Let us stress again that the evolution we found is only true for the set of simplifying assumptions we made :
Bohm scaling, B « wvs,. The scaling with time would be different had we assumed B constant during the whole

evolution for instance.
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