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•  Il pdf delle lezioni puo’ essere scaricato da  
•  http://www.fisgeo.unipg.it/~fiandrin/

didattica_fisica/cosmic_rays1920/ 

n 1 
n E. Fiandrini Cosmic Rays 1920 
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Shock waves 

The analysis is simple in two limiting cases 

The first is one in which the B field before the 
shock is normal to the shock surface, Bt1=0 

This case is called "parallel" shock since the B field is parallel to shock normal direction 

In such a case it is easy to show that Bt2 =0  behind the shock 

Since both Bn and Bt are continous with Bn1 =Bn2 and Bt1=Bt2=0, it follows that the 
parallel shocks reduce to the pure hydrodynamic case, as if the B field is not 

present 
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Shock waves 

The analysis is simple in two limiting cases 

The 2nd case is when the B field is parallel to the shock surface, ie 
perpendicular to the normal, Bn1 =0 

In such a case, from 3rd equation we see that vt is continous à therefore we can 
choose a reference frame in which vt=0 and the shock is a normal shock 

From  And  We get 

While the others reduce to 

Which are the hydrodynamics eqns with the additional magnetic 
terms is momentum and energy flux 
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Strong parallel shocks 
For parallel strong shock the Rankine-Hugoniot read as  

Fiandrini Cosmic Rays 
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Onda di shock 

vcl 

vcl 

v cosθ

Campi 
magnetici 

 
 

Scattering elastico 

At shock waves, acceleration of particles 
occurs. The ingredients are:  

•  a physical mechanism to change energy at 
each collisionless interaction with the 

shock wave  and  
•  a statistical process which gives an 

average gain of energy with an enough 
high number of encounters with the shock 
wave front, i.e. suitable interaction time 

These processes are dominated by scattering in the 
irregularities downstream and upstream flux. 

The shock front does not play any 
direct role. 

They act as “scattering centers” for collisionless 
interactions, frozen into the plasma flux. Because of 
this they may be approximated as “walls” of infinite 

mass on which particles are “reflected” 



Isotropization  
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Particles in the cloud or around the shock front are scattered and isotropized by 
diffusion in the B field fluctuations, so that their average motion is the same of  the 
cloud or of  the fluid around the shock after few diffusion legnths. This means that the 
particles are in average at rest in the local fluid frame. 
The process is called isotropization 
The process is collisionless therefore energy is not changed in the reference frame of  
the cloud or shock 
Since the mass of   particle is << Mcloud or Mshock we can, in first approximation, 
consider the cloud or the shock as “walls” of  infinite mass on which the particle 
“bounce” forth and back 



7 

SuperNova Remnants (SNRs) 

A supernova remnant (SNR) consists 
essentially of  the stellar ejecta of  the SN 
explosion embedded in a hot expanding 

bubble, preceded by swept-up 
interstellar material and an outer blast 
wave (strong shock) propagating into 

the interstellar medium 
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CasA Supernova Remnant in X-rays 

Shock 
fronts 
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Supernova Remnant Cassiopeia A  

2.9 pc, exploded 350 years ago 
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n Remnant of Tycho’s supernova of 1572 AD 
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Main properties: 
Different expansion 

stages: 
- Free expansion stage 

(t<1000 yr)                         
R∝t 

 - Sedov-Taylor stage  
(1000 yr< t< 10,000 yr)         

R∝t2/5 

 - Pressure-driven 
snowplow (10,000 yr< 
t<250,000 yr) R∝t3/10 

   - Momentum-conserving 
(250,000<t<750,000 yr)        

R∝t1/4 



DSA 
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(r is the compression ratio) 



= 4 
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upstream downstream 

  To 
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Collisions on magnetic irregularities are always head-on 



Energy gain in a cycle 
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θin 

θ’out 

Energy gain in a 
cycle 



θin 

θ’out 

Energy gain in a cycle 
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Energy gain in a cycle 

20 



21 

Shock waves: Energy gain including the shock speed 

The gain is given by “elastic” collision in the wall rest frame and a relativistic boost to the lab. 

Therefore Ef = γ(E’i + Vp’ix) = γ2[(Ei+ Vpix) + V(pix + VEi)] = 
γ2[Ei + 2Vpix + V2Ei]  

The mechanism for energy gain is always the same 

•  In the ref. frame of the walls, E’i = γ(Ei +Vpix), P’ix = γ(pix + VEi) (c = 1) 

x 
θ

M=∞ 

The collision is elastic (i.e. collisionless): E’f = E’i and  
p’f = -p’i 

Going back to the lab frame 
 Ef = γ(E’f - Vp’fx) = γ(E’i + Vp’ix)  

   pfx = γ(p’fx - VE’f) = γ(-p’ix - VE’i) 

But pix = vixEi  à Ef = γ2 [Ei + 2V vixEi + V2Ei] = γ2 Ei[ 1 + 2V vix + V2]  
  àthe relative gain per each scattering is (put back c)  

ΔE/Ei = (Ef –Ei)/Ei =  γ2 [1 + 2V vix + V2] - 1 =  γ2 [1 + 2V vcosθ/c2 + V2 /c2 ] -1 

It is the gain for non-relativistic shock waves, i.e. V<< c 
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Diffusive Shock Acceleration 

DSA is the dominant mech. for quasi-parallel shocks. 
In DSA particle scattering up- and down-stream is 

crucialà high level of turbulence and irregularities are 
requested on both sides of the shock.  

The magnetic fields on  both sides are turbulent, so that 
the resulting scattering is quantified by the diffusion 

coefficient D or by the mean free paths λ

The crucial point is that in the ref frame in which one 
of the fluxes is at rest, a particle always sees the other 
side moving toward it (in a symmetric way for the 2 

sides), so that the “collision” is always head-on. 
Since the scattering centers  are frozen into the 

plasma, particle scatt. back and forth through the 
shock front can be understood as repeated reflections 
between converging scattering centers (i.e. “walls” 

with infinite mass). 

Magn turbulence 
upstream Magn turbulence 

downstream 

The B field fluctuations are frozen-in with the 
plasma and carried with the plasma flow 
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Shock waves: Energy gain 

ΔE/E = P(Ω)ΔE
E

(cosθ ) 
θ1

θ2∫  dΩ

Because of the stochastic nature of the process we cannot follow a single particle, but we can 
work out the average energy gain. 

The basic property is that when a particle enters in the scattering region, because of the random 
distribution of the scattering centers, also its direction gets very rapidly randomized –key point- 

so that the average speed of the test particle is the same as for the flow and an isotropic 
distribution of directions can be assumed in a suitable ref. frame (the shock rest frame). 
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DSA: Energy gain (1st order Fermi mechanism) 
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For V<<c, <ΔE/E> is of 1st order in V/c and is 
maximal for relativistic particles v ≈c ⎟
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V is NOT the shock speed, but relative speed |uu-ud| of the flow speed upstream and 
downstream in the SRF (i.e. Standing shocks). 
In the lab, uu=U, the speed of shock front and downstream con ud=(ρu/ρd)UàV=(1- ρu/ρd)U 

P(θ) is prop. to the normal comp. of the particle 
velocity along the normal to the shock, vcosθ: 

P(Ω) dΩ = (cosθ/π)(2πsinθdθ)=2cosθd(cosθ) with 
0<θ<π/2  

V<< c 
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SW energy gain: another approach 

In the rest frame of the moving cloud or in the shock rest frame, we have 

Because for ultra-relat. particles  E/c=p 
The collisions are elastic (because collision-less in the rest frame of the cloud/SW) 

E1’= E2’ and going back to the labo 

therefore 

Downstream the 
shocked gas 
flows to the left 
with speed u2 
relative to the 
shock front à in 
the lab it moves 
to the left with 
V=-u1 + u2 

Let consider another approach: the same physical mechanism is working both at a 
shock front both in a cloud of magnetized plasma with strong magnetic irregularities 
acting as collisionless scattering centers (e.g. this can be thought as the turbulent 
region ahead a shock front or even the whole galactic disk) 
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SW energy gain: another approach 

The crucial difference between the two cases comes when we take the angular averages to 
obtain the average fractional energy gain per encounter.  

First, the average over θ2’ has be to done 
Cloud 

In S’(where the particle is at rest in average), 
the particle distr. is isotropic because of the 
random motion inside the cloud, therefore  
dn/d(cosθ2’)=const.,   –1< cosθ2’<1 

Then < cosθ2’>=0 and 
ΔE/E1=γ2 (1 –βVcosθ1) - 1 

Shock front 
In S’ we have again a isotropic distr. but we have to project 

on a plane (the shock front), therefore 
dn/d(cosθ2’)=2cosθ2’,  0<cosθ2’<1 

Then < cosθ2’>=2/3 and 
ΔE/E1=γ2 [1+(2/3)βV –βVcosθ1 – (2/3)βV

2cosθ1)] - 1 
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SW energy gain: another approach 
Shock front 

In S’ we have again a isotropic distr. but we have to project 
on a plane (the shock front), therefore 

dn/d(cosθ2’)=2cosθ2’,  0<cosθ2’<1 
Then < cosθ2’>=2/3 and 

ΔE/E1=γ2 [1+(2/3)βV –βVcosθ1 – (2/3)βV
2cosθ1)] - 1 

The probability of  the particles which cross the shock to arrive in a 
solid angle dΩ around θ dir in the time dt is: 

dn ∝ vcosθdΩdt à dp(θ) ∝ cosθd(cosθ)  

Normalizing so that prob is 1 for all the particles approaching the 
shock (ie those with 0 <θ < π/2) one gets 

dp(θ) = 2cosθd(cosθ)  
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SW energy gain: another approach 
Next we need to average over cosθ1 

Cloud 
The probability of a collision is ~ to the relative speed 

between the cloud and the particle 
dn/d(cosθ1)=(c-Vcosθ1)/2c,   –1< cosθ1<1 

Then < cosθ1>=-βV/3 and 
ΔE/E1=γ2 (1 –βVcosθ1) – 1=  (1 +βV

2/3)/(1-βV
2) – 1= 

= (4/3)γ2βV
2 ≈ (4/3)βV

2 if βV << 1 

Shock front 
We have again a isotropic distr. but we have to project on a 

plane (the shock front), therefore 
 

dn/d(cosθ1)=2 cosθ1,  -1<cosθ1<0 
Then < cosθ1>=-2/3 and 

ΔE/E1=γ2 [1+(4/3)V – (4/9)V2] – 1= 
= γ2[(4/3) β + (5/9) β 2] ~ (4/3) β if β <<1 

2nd order 

1st order 





Spectrum of accelerated particles 
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upstream downstream 



Spectrum of accelerated particles 
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upstream downstream 



Spectrum of accelerated particles 
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Spectrum of accelerated particles 
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r = ρ2/ρ1=u1/u2 is the shock 
compression ratio  



Spectrum of accelerated particles 
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- 

With a = (1-Pesc) 



Spectrum of accelerated particles 
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Taylor’s expansion of exponent
ln(1 – Pesc) ≈ -Pesc 

ln(1 + k) ≈ k 

r = ρ2/ρ1=u1/u2 



The Diffusion-Convection Equation: A more formal 
approach 
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Obviously the above derivation is rather basic and more advanced techniques 
exist. While it is not the goal to explain all of  these in detail, it is instructive to go 

over the main ideas. Apart from being relevant results themselves, these 
theoretical efforts are often the inspiration for simulating the acceleration 

process. Essentially there exist two approaches to finding the spectrum. In the 
first one, by Bell[72], one considers the behaviour of  one individual particle and 
then take averages, like was done above. The second approach, which follows the 

papers by Krymskii[70], Axford, Leer and Skadron[71] and Blandford and 
Ostriker[74], uses a macro-approach where one considers the distribution 

function of  the particles. Many good reviews on the theoretical efforts in the last 
decades exist[75][76][59][61].  

 



The Diffusion-Convection Equation: A more formal approach 
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The main idea of  the first order mechanism described above is that the accelerated 
particles diffuse on each side of  the shock, allowing for head-on collisions required on 

shock crossing, leading to the alternative name ‘diffusive shock acceleration’. Therefore, to 
theoretically model the acceleration process, one can try to solve the distribution function 
f(x,p,t) on each side of  the shock from the transport equation for diffusive transport (or 

actually more appropriately called the Fokker-Planck equation, since we are concerned with 
individual particles and not flows) and then connect the distributions at the shock front. 

Most generally the equation is  
 

with V the plasma flow speed. The second term on the left hand side represents advection 
by the scattering centres which are moved by the background motion. The first term on 
the right describes ordinary diffusion, with generally κ the anisotropic diffusion tensor. 
The second term on the right represents adiabatic momentum changes as the large scale 

motion of  the medium is diverging or converging at the shock. This last term is part of  the 
continuous energy losses term of  the transport equation ∂/∂E(b(E)N) with b(E) = 

adiabatic energy loss, Q is the source term. 

+ Q 



The diffusion 
approach 
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Stationary shock means steady state solutions, ∂ƒ/∂t = 0 
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The key here is that a parallel 
shock does nothing locally to 
energetic particles; there is no 

discontinuity in the magnetic field 
and the particles simply continue 

their helical paths across the front. 
Thus the complete momentum 
space distribution function, as 
measured in the shock frame, 
must be continuous across the 

front.  

The spatial distribution of  the 
source term is arbitrary (or 

determined by the 
observations, if  feasible) 



The diffusion approach 
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Quantity in parenthesis is constant. Since must go 
to 0 when z à -∞, it must be zero everywhere 

At the shock front upstream, [D(∂ƒ/∂z)]1 – [uƒ]1 = 0. But u = u1 and ƒ à ƒ0 at 0- and therefore (38) holds 

** 



** Integration at the eshock 
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f  is continous at shock (in [-ε, +ε]) 
du/dz = (u2 – u1) δ(z) 
Q(z,p,t) = q0(p)δ(z) 
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The contribution from ∂f/∂z is = 0, as can be 
seen integrating by parts due to the continuity of  f  
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f0 is the distribution at the shock (due to the 
δ(z)) and represents the distribution 
function of  the accelerated particles 

0- 0+ 

-∞ +∞ 



The diffusion approach 
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The shock compression ratio r = ρ2/ρ1 = u1/u2 

*** 



*** solution 
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fo(p) = k
p
pinj

!

"
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 when p ≠ pinj, the equation is 

Imposing the continuity of  f  at pinj, f(pinj) = q0, we get 
k = 3r

r −1
ηn1
4π pinj

2

the solution is 

fo =
1
3
(1
r
−1)p dfo

dp
+

ηn1
4π pinj

2 δ(p− pinj )Dividing by u1 both sides and using the definition of  r 

−
3r
r −1

fo = p
dfo
dp

+
3r
r −1

ηn1
4π pinj

2 δ(p− pinj )And rearranging 

−
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dp

qo 



The diffusion approach 
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fo(p) =
3r
r −1
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4π pinj
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−
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The slope tends asimptotically to α = 4 in the limit M à∞ of  an infinitely strong shock front.  
The number density of  particles with energy between E and E + dE is 

n(E)dE = 4π p2 fo(p(E))
dp
dE

dE

For ultrarelativistic particles (UR) p = E and n(E)∝Eα−2

For non relativistic particles (NR) p = (2mE)1/2 and n(E)∝E (1−α )/2

n(E)∝E−2

For strong shocks α = 4 and  

n(E)∝E−3/2

For UR particles 

For NR particles 



The diffusion approach 
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fo(p) =
3r
r −1

ηn1
4π pinj

2
p
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"

#
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−
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Acceleration time 
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* 

* see eqn. 3.36 



Acceleration time 

Note that the higher is the diffusion, the longer is the acceleration time  



A CRUCIAL ISSUE: the maximum energy of accelerated particles 

1. The maximum energy is determined in general by the balance between the  
   Acceleration time and the shortest between the lifetime of the shock and  
   the loss time of particles 
 
2. For the ISM, the diffusion coefficient derived from propagation is roughly 
 
 
 
 
 
For a typical SNR the maximum energy comes out as FRACTIONS OF GeV !!! 

( ) 0.60.310 3 29 −≈× αE=ED α
GeV
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Particle Acceleration at Parallel Collisionless Shocks works ONLY if there is  
additional magnetic scattering close to the shock surface that makes the diffusion slow 



Acceleration time scale 
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Acceleration time 
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D(R)=λ(R)cβ/3 



Acceleration time 
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The physical parameters which are important to discuss CR acceleration by supernova  



Acceleration time 
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Acceleration time 
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Particle confinement and maximum 
achievable energy 
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Particle confinement and maximum 
achievable energy 
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Particle confinement and maximum 
achievable energy 
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Particle confinement and maximum 
achievable energy 
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NB: typo Rc = Rs, Vsc = Vs 



Age limit 
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Another source of  limitation for the acceleration of  cosmic-rays might come from 
the "age" of  the source (in other word the amount of  time during which the source 
has been active). This criterion  



Age Limit 
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Toy model of the time evolution of a SNR 
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Toy model of the time evolution of a SNR 
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~t 

~t2/5 

~t-3/5 

const 



Free expansion phase 
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constant 



Sedov-Taylor phase 
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Sedov-Taylor phase 

76 



77 


