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Stevino's law in astrophysics 

Static case: V=0 
A short digression: isothermal 
sphere and globular clusters 
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Isothermal sphere 
The isothermal sphere is a spherically symmetric, self-gravitating system 

It is a crude model for a globular cluster, for the quasi-spherical region 
("bulge") of a disk galaxy or for the nucleus of an elliptical galaxy 

Consider a large number of star with number density distribution n=n(r) 
only, r is the distance form the center of the sphere and with a mass 
density ρ=m*n(r), where m* is the mass of the stars (supposed to be the 
same) 

If the number of stars is large enough, we can describe it as a "gas" of stars with 
a "temperature" T determined by the velocity dispersion (i.e. energy 
equipartition) 

In the isothermal sphere model, the cluster is treated as a self-gravitating ball of 
gasà the pressure is then p(r) = n(r)kT = ρ(r)σ2 

Typically a globular cluster contains 100.000 stars with a mass between 104 – 106 
solar masses and an average of 105Msun 
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Governing Equations: 

r 

Equation of Motion: no 
bulk motion, only pressure! 
àHydrostatic Equilibrium! 
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Isothermal sphere means that the velocity 
dispersion does not depend on the radius r 
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Density law and Poisson’s Equation 

Hydrostatic Eq. Exponential density law 

Where ρo is the mass density at r=0, assuming Φ(0)=0  
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‘Down to Earth’ Analogy:  
the Isothermal Atmosphere 

Earth’s surface 
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‘Down to Earth’ Analogy:  
the Isothermal Atmosphere 

Earth’s surface 
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Density law and Poisson’s Equation 

Hydrostatic Eq. Exponential density law 

Spherically symmetric 
Laplace Operator 

The gravitational potential is described by the Poisson's equation 
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Density law and Poisson’s Equation 

Hydrostatic Eq. Exponential density law 

Poisson Eqn. 

Spherically symmetric 
Laplace Operator 

Scale Transformation 

King radius 
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Density law and Poisson’s Equation 

Hydrostatic Eq. Exponential density law 

Poisson Eqn. 

Spherically symmetric 
Laplace Operator 

Scale Transformation Fiandrini Cosmic Rays 
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Density law and Poisson’s Equation 

Scale Transformation 

This dimensionless form displays NO explicit 
information about the properties of the cluster 

In particular all the reference to the central density ρo and velocity dispersion 
σ2 has disappeared 

è this means that all the isothermal are self-similar 

If one plots the density relative to the central value ρ/ρo as function of ξ=r/rK, all 
isothermal spheres have exactly the same density profile 
The boundary conditions are: Φ(0) =0 and (dΨ/dξ)ξ=0 = 0 

The 1st is possible because potential is defined up to a costant, while the 
2nd is a consequence of the spherical symmetry: at the center the net force 

is zero 
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Solution: 

For ξ = r / rK ≪1:
ρ ≈ ρ0 1−
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There is no analytical solution 

Near ξ=0 one con solve by a power 
series, using the fact that for Ψ<< 1 so 
that the exp on RHS can be expanded 

For large ξ, the solution goes 
asymptotically to Ψ ~ log(ξ2/2) 
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Singular Solution 

For ξ = r / rK ≫1:

M (r) ! dr  4πr2
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Expressing the density in terms of the radius one gets 

Known as the "singular isothermal sphere" 
solution as the density goes to ∞ as rà0 

Infact this is the ONLY analytic solution known to 
the isothermal sphere equation, as can be 

checked by substitution 

Notice that ρ depends only on dispersion velocity 
and radius but not on central density ρo 

=

Such behavior is clearly unacceptable for a real globular 
cluster because mà∞ as rà∞ è isothermal sphere can 
only be an approximate model which fails at large r 
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What’s the use of scaling with rK ? 
 
All ‘thermally relaxed’ clusters look the same! 
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Tidal radius 
Observations show that clusters have a well-defined edge beyond which the 

stellar density rapidly goes to zero 

This can be explained if the tidal forces due to the parent galaxy are taken into 
account: the variation of the gravitational pull of the galaxy across the globular 

cluster 

If the cluster has a radius rt and is located at a distance R from galactic 
center, the typical magnitude of the tidal acceleration is for rt<< R 

This is essentially the difference between the galactic gravitational 
force at the center and the outer edge of the globular cluster 
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Mcl ≈ 8πρ0rK
2rt
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Tidal Radius 

rt 

The value of rt, the so-called tidal radius can be evaluated equating 
the tidal force to the self-gravitational force of cluster 

This defines the maximum size of the cluster 
where stars in the clusters are still marginally 
bound by the gravitational pull of the cluster 

mass 
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In the case of micro-
quasars and powerful 

radio galaxies, the flow 
speeds are estimated to 

be close to the light speed 

The consequence is 
that the apparent 

speed on the celestial 
sphere can be greater 

than c! 
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Observational 
clue: 

 
Superluminal 

Motion: 
a relativistic 

illusion 
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Derivation of Superluminal Motion 

Let the source starts to emit at t à an observer on Earth receives the wave 
packet after a time t1 = t+D/c 

Let the source stop the emission after a time Δt, as measured at the 
sourceà the observer receives the photon after a time t2 = t+Δt +(D-Δx)/c, 

being Δx the distance covered in Δt by the emitting blob 

Δx 

The observer at Earth measures a time duration of the emission of 
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If β =v/c ~ 1, the source "almost" catches up the emitted light, as a 
consequence the duration of emission measured at Earth is shorter than the 
duration at source (this is a consequence of the relativity of simultaneity due 

to the fact that the 2 observers are in different placesà the observer at rest in 
the source and at earth measure different durations) 

Δtobs = Δtsource only if c = ∞ (as in newtonian mechanics) 
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What we measure is the projection on the celestial sphere of 
the source motion, or more precisely the motion component 

orthogonal to the sight line, Δxn  

The measured apparent speed from Earth is then 
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γ = (1-β2)1/2 

It is easy to show that vapp has a maximum when 

This occurs when cosθ = β

At maximum the apparent speed is 

It is clear that for β~1 (that is relativistic source motion) γ>>1 
and therefore vapp > c 
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Summary: Equations describing ideal 
(self-)gravitating fluid 

Equation of Motion: 

Continuity Equation: 
behavior of mass-density 

Poisson’s equation: self-gravity 

Ideal gas law 
& 
Adiabatic law: 
Behavior of pressure 
and  temperature 
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Conservative Form of the Equations 

Aim: To cast all equations in the same generic form: 

Reasons: 
 
1.  Allows quick identification of conserved quantities 
2.  This form works best in constructing numerical 
      codes for Computational Fluid Dynamics 
3.   Shock waves are best studied form a conservative 

point of view 
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Examples: mass and momentum conservation 

Mass conservation: already in conservation form! 

Continuity Equation: 
transport of the scalar ρ 

Excludes ‘external mass sources’ due to 
processes like two-photon pair production etc. 
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Examples: mass- and momentum conservation 

Mass conservation: already in conservation form! 

Continuity Equation: 
transport of the scalar ρ 

Momentum conservation: transport of a vector! 

Algebraic Manipulation 
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Energy Conservation 

Internal energy per unit mass Specific enthalpy 

Irreversible gains/losses, e.g. radiation losses “Dynamical Friction” 
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Conservazione dell'energia 
Nei fluidi ideali, in cui sono assenti fenomeni di dissipazione dovuti ad 
attrito "interno" (cioe' viscosita') e nell'ipotesi di assenza di conduzione 

termica (che puo' trasferire calore da una regione all'altra), l'unico 
fenomeno di scambio di energia non meccanica (ie non esprimibile 

come pdV) puo' essere solo attraverso l'irraggiamento 

In tal caso la conservazione dell'energia di un elemento di massa e' equivalente alla 
conservazione dell'entropia del sistema dello stesso elemento 

Nel caso in cui anche i processi radiativi siano assenti o trascurabili, il 
processo e' adiabatico (se reversibile) à dQ = 0 à TdS = 0 
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Sound Waves 
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Small perturbations 
The hydrodynamical equations have a very huge number of solutions 

Because of non linearity of hydrodynamical equations is very difficult to 
find exact solutions 

In the case of small perturbations it is possible to find solutions: sound  waves 

Let assume for simplicity to have a fluid at rest and with 
uniform pressure and density: 

V=0, ρ=ρo and p=po 
All their derivatives are zero, so that the equations are 

trivially satisfied 
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Small perturbations 

Consider now "small" arbitrary deviations from 
equilibrium, in which  

V(x)=δV(x), p(x)=po+δp(x), ρ(x)=ρo+δρ(x) 

Where "small" means that δV<<1 δp<<po δρ<<ρo 
(ideally they are infinitesimal) 

Substituting into the motion equations we can find the equations for the perturbations 

There are clearly three non linear  
terms involving variables 
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Small perturbations 

Using  tha fact that δV<<1 δp<<po δρ<<ρo we can neglect the 
non linear terms in the equations 

Now we need to know the thermodynamical properties of the fluid, 
that is an equation of state which describes the fluid transformations 

Usually, this equation expresses a TD variable as function of other two, for 
istance p=p(ρ,s), where s is the specific entropy of the system 

The latter is not contained in the fluid motion equations, so that we have to make 
some hypothesis on the fluid tranformations: let suppose then that the 

transformations are adiabatic and reversible, so that δs=0 (ie constant entropy) 
and p=aργ
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Small perturbations 
δV<<1 δp<<po δρ<<ρo  

p=p(ρ,s) δs=0 (ie constant entropy) 

In such a case, 

èp=aργ

That is the sound speed 
describes as the fluid pressure 
responds to density variations 

With the aid of this relation we can eliminate the speed from equations 

Take the div of the first and the time 
derivative of the second 

For small pertubations cs is constant è  Wave equation! 

à solutions are, for istance 
With wave amplitude arbitrary but 

constrained to the condition of 
linearity A<<1 

 ω2-κ2c2=0 Fiandrini Cosmic Rays Le onde sono longitudinali 
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Transformation (Galilei)

xlab = xfluid +Vt

Wave phase:

Sfluid = k • xfluid −ωfluidt = Slab = k • xlab −ωlabt

k • xfluid −ωfluidt = k • xfluid +Vt( )−ωlabt

                       ⇔
ωlab − k •V =ωfluid

In a moving medium the propagation speed of the wave and the frequency are 
found by applying for istance Galilei transformation between the reference 

frame where the fluid is at rest, where the wave propagates with speed cs, and 
the "laboratory" frame where the fluid is moving with speed V 

The speed is simply obtained as cs,lab = cs +V. 
Ie in a moving medium the sound speed 

depends on the fluid speed 
(this made difficult for '800 physicists to believe 
that light speed is constant for *any* observer) 
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Shocks: non-linear fluid structures 
One of the peculiarities of the hydrodynamics is that it admits 

discontinous solutions, that is such that on some special surfaces, 
called discontinuity surfaces, all the physical observables that 

characterize the state of the fluid (ρ, p, V, T,...) are discontinuous 

From a mathematical point of view, these solutions have true steps, 
while from a physical point of view the discontinuity is not sharp but 

has a finite thickness, very small with respect to all the other 
dimensions of the system 
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Shocks waves  
In the limit of small disturbances, where the non-linear term 

(V•grad)V can be neglected, we got the wave propagation for them 
with sound speed cs = (γp/ρ)1/2 

But when the approximation breaks down, the behavior of the fluid 
changes rapidly because intrinsic non linearities play an essential role 

 
These lead to shock formation in a natural way: in practice, they are 

unavoidable if the perturbations to the fluid are not infinitesimal 

Shock waves have an enormous importance is astrophysics 
because they are present everywhere and because the matter 

immediately after the transit of the shock wave emits much more 
than before, making it easily detectable by us 

Fiandrini Cosmic Rays 



39 

Shocks occur whenever a flow hits an obstacle at a speed larger than the 
(adiabatic) sound speed 
The obstacle does not need to be a solid body: if the relative speed of two gases 
or plasmas is supersonic shock waves can develop. 
A blast shock wave can result from the sudden release of thermal energy in a 
“small” volume, i.e. an explosion 
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Wave Breaking 
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High-pressure/density 
regions move faster  

Shock 
must 
form 

The formation of a shock wave depends on the 
non-linearity of the motion equations 

Let consider a perturbation with finite 
amplitude in a fluid otherwise homogeneus 

It is possible to show that the propagation 
speed is higher where there is an 

overdensity and lower where there is an 
underdensity: so the wave crests will move 

faster than the ventral part 

Therefore the crest will reach 
the ventral in a finite time, 

forming a discontinuity 
surface 

So, unless ρ is always constant, every perturbation of finite amplitude evolves toward a 
discontinuity (nb: a discontinuity DOES NOT imply a shock wave) if it can travel enough. 

In practice, this does not occur always because of the damping due to viscous 
dissipation and heat conduction Fiandrini Cosmic Rays 
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Shock formation 
Shock waves are a feature of supersonic flows with a Mach 

number exceeding the unity Ms = |V|/cs >1 

They occur when a supersonic flow encounters an obstacle 
which forces it to change its speed  

For istance a bow shock 
forms around the Earth in the 
tenous supersonic solar wind 

when the ionized wind 
material "hits" the strongly 

magnetized earth's 
magnetosphere 
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Shock formation 
We have already seen that small-amplitude sound 
waves in a flow propagate with a velocity 

k is the direction of propagation 

Sound waves act as "messengers": they carry density and pressure fluctuations 
that in some sense alert the incoming flux when an obstacle is present 

For low mach number Ms<1, waves can propagate against the flow, getting ahead 
of the obstacle 

However, in a supersonic flow with Ms>1, the net speed of the waves is always 
directed downstream and no waves can reach the flow upstream from the obstacle 

à in these conditions a shock forms, ie sudden transition of density, pressure, 
temperature and speed appears 

Behind the shock, T is so high that the component normal to the shock surface of 
the flow becomes sub-sonic, so that sound waves are once again able to 

communicate the presence of an obstacle to the flow so that pressure forces can 
deflect the flow, steering it around the obstacle 
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On the Mach cone the surface a discontinuity in density and pressure is 
formed (the sonic bang) 
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Shock waves 
Generally speaking shock waves are abrupt transitions from 

supersonic to sub-sonic flow speed, accompanied by 
compression and dissipation.  

Roughly, two different types of discontinuity exist: 
 

i) tangential discontinuity, when two adjacent fluids are in 
relative motion without mass flow through the discontinuity. 
This discontinuity can occur at any speed (as in the case of 
slender jets) 
 
ii) shock wave in which there is a discontinuity between two 
fluids with distinct properties, but with a flow of mass, 
momentum and energy across the surface 
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Shock properties 

1.   Shocks are sudden transitions in flow properties 
      such as density, velocity and pressure; 
 
2.  In shocks the kinetic energy of the flow is converted 
     into heat, (pressure);  
 
3.  Shocks are inevitable if sound waves propagate over 
     long distances; 
 
4.  Shocks always occur when a flow hits an obstacle 
     supersonically 
 
5.  In shocks, the flow speed along the shock normal 
     changes from supersonic to subsonic 
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The marble-tube analogy for shocks 
As a simple mechanical model for 

shock formation, consider in a 
hollow (semi-infinite) tube spherical 
marbles with diameter D, separated 

by a distance L>D which roll with 
speed V 

The end of the tube is plugged, 
forming an obstacle that prevents 

the marbles from continuing onward 

As a result, the marbles collide, loose their speed and accumulate in a stack 
at the plugged end of the tube. The transition between freely moving and 
stationary marbles is the analogue of a shock surface  

Far ahead of the obstacle, where the marbles still move freely, the line 
density is n1=1/L 

In the stack, the density is instead n2=1/D>n1 à the density increases when 
the marbles are added to the stack 
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`Shock speed’ = growth velocity of the stack. 

The growth of the stack is 
easily calculated: in order to 
collide, two adjacent marbles 
have to close the separation 

distance ΔD=L-D between the 
surfaces à the time between 

two collisions is 
ΔT = (L-D)/V 

At every collision, one marble is added to the stack à the length of the stack 
increases by D à the average speed with which the length of stack increases is 

The imaginary surface at the front-end of the stack, that separates a 
region of "low" density n1 from a region of "high" density n2 of marbles, is 

the analogue of a hydrodynamical shock wave 

D 
V 
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In this referenc frame the incoming 
marbles have a speed: 
 
 
Marbles in stack, stationary in lab 
move away from the shock with speed: 

1 sh

2 sh

LV V V V
L D

DV V V
L D

⎛ ⎞= − = ⎜ ⎟−⎝ ⎠

⎛ ⎞= − = ⎜ ⎟−⎝ ⎠

1 2 
Let transform to a reference 
where the shock is stationary 
and neglect the fact that the 
stack grows impulsively each 

time a marble is added 
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In any frame the flux is Flux = density x velocity 

Incoming flux: 
 
 
 
Outgoing flux: 

1 1 1

2 2 2

1

1

L Vn V V
L L D L D

D Vn V V
D L D L D

⎛ ⎞ ⎛ ⎞= × = × =⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞= × = × =⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

F

F

1 2 

Fiandrini Cosmic Rays 



55 

Conclusions: 
1.   The density increases 

across the shock 
 
2.  The flux of incoming 

marbles equals the flux 
of outgoing marbles in 
the shock rest frame: 

1 2=F F
This equality has a simple interpretation: the nbr of 
marbles crossing the shock surface in ΔT is ΔN=FΔt  

Since an infinitely thin surface has no volume, the nbr of marbles entering 
the surface at the front must exactly equal the nbr that leaves in the 

back...nothing can be "stored" in the shock! à ΔNin = ΔNout  

Many of the concepts introduced here can be immediately traslated to the 
physics of a shock in a gas, in particular the flux conservation 
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Let consider a simple fluid described 
by a polytropic relation P=aργ on either 

side of the shock, but not with the 
same constant a as a result of 

dissipation in the shock (as we will 
see) 

Assume the shock is planar, located 
in a fixed position in the y-z plane 

The flow is from right-to-left with speed Vlab, 
so that pre-shock flow occurs at x<0 and post 
shock at x>0 

The normal ns to the shock front coincides with x-axis toward negative x, ns=-ex 

ns 

Let assume that flow properties (speed, density,...) depend only on the x 
coord: ∂/∂y= ∂/∂z=0 and that the speed lies in the x-y plane (always possible 
with suitable choice of reference frame) 
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Equations of conservation 

Rik= ρViVk +pδik is the momentum flux 
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ns 

Neglecting the effect of gravity 
and dissipation in the flow the 
equations describing the flux 
are the mass, momentum and 
energy conservation, which 
reduce to 

Mass conservation 

Momentum conservation perp shock front 

Momentum conservation || shock front  

Energy conservation 

With  Specific internal energy and enthalpy 
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Effect of a sudden transition on the conservation law 

0
t x

∂ ∂
+ =

∂ ∂

Q F
All the equations have the form 

Where is some quantity, like mass density, 
momentum density or energy density and F is 

the corresponding flux in the x direction 

Let assume that the shock has a thickness ε 
around x=0 so that it extends in the range 

from -ε/2 to +ε/2  
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in out

0

 ( ) ( )

                             

dx
t x

dx x x
t

ε

ε

ε

ε

ε ε

+

−

+

−

∂ ∂⎛ ⎞+ = ⇔⎜ ⎟∂ ∂⎝ ⎠

⎛ ⎞∂
= = − − =⎜ ⎟

∂ ⎝ ⎠
= −

∫

∫

Q F

Q F F

F F

Change of 
amount in 
layer 

   flux in   -   flux out 

The integrated version of conservation law reads 

If the shock thickness is small, one can 
estimate the integral using the mean 

value of ∂Q/∂t 
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Infinitely thin layer: 

0

in out

lim  ( ) ( )

                                  
                  0           

dx x x
t

ε

ε
ε

ε ε
+

→

−

⎡ ⎤⎛ ⎞∂
= = − − =⎢ ⎥⎜ ⎟

∂⎢ ⎥⎝ ⎠⎣ ⎦
⇔

= −

∫ Q F F

F F

Flux in = Flux out 

What goes in must come out! 

Formal proof: limiting process 

à 0 when εà0 

NB: in the case of steady flux (∂/∂t =0), the integral is identically zero 
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Rankine-Hugoniot relations 
The result is that the fluxes across the shock front are conserved: this is the 

only condition that hydrodynamical equations impose to the fluid at the shock 
1) Mass flux  
2) Momentum flux comp perp to shock front 
3) Momentum flux comp || to shock front 

4) Energy flux 

Fom 1) and 3) it follows that Vt1 
= Vt2 à the speed component of 

V || to the shock is conserved 

Known as Rankine-
Hugoniot conditions 
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This means that we can *always* 
transform an oblique shock into a 
normal shock, simply going in a 

reference frame moving with Vt and 
viceversa 

Therefore let work out the equations for a 
normal shockà equations reduce to 

three in three unknowns (Vt eqn is trivially 
satisfied) and the problem is 1-

dimensional (only x coord is concerned) 

Shock waves  

Momentum flux conservation tells us that also in 
the post-shock region it is directed along x axis 
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From normal shock to oblique shocks: 

All relations remain the same if one makes the 
replacement: 

1 n1 1 1 n n1 1 1cos  , / cosS s SV V V V cθ θ⇒ = ⇒ = =M M M

θ  is the angle between upstream velocity and normal 
on shock surface 

Tangential velocity along shock surface is unchanged 

t1 1 1 t2 2 2sin sinV V V Vθ θ= = =
Fiandrini Cosmic Rays 



65 

Shock conditions: what goes in must come out! 
(1 = in front of shock, 2= behind shock) 

Mass flux 

Momentum flux 

Energy flux 

Three ordinary equations for three unknowns: post-shock 
state (2) is uniquely determined by pre-shock (1) state! 

Three conservation laws means three conserved fluxes! 
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Shock jump relations 
If we eliminate p2 and v2, then we find after little algebra 

with 

Eliminating ρ2 and v2 we get 

From mass flux conservation we get the speed 

From equation of state p=ρRT/µ we get temperature too 

Is the Mach number of post shock flow 
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Contact (tangential) 
discontinuity 

The jump conditions have another 
solution: let us assume that no mass 
crosses surface 

From mass conservation we have 

Since ρ1 and ρ2 cannot be zero this implies Vn1= Vn2=0 

In such a case || momentum and energy conservation are both trivially satisfied, 
while the perp-momentum implies that p1=p2 

In particular one can have a situation where ρ1 ≠ ρ2 and the velocity, which in this 
case is entirely along the discontinuity surface, is unconstrained 

At a contact discontinuity it is allowed that Vt1≠ Vt2, like in the Blandford-Rees jet model  
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Shock compression ratio 

Definition compression ratio 

Shock jump condition 

Substituting v1=rv2 in 

We can express the compression ratio as a function of pressures pre- and post-shock 

(cfr. pag 233) 
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Summary  

i) r>1àρ2>ρ1
 but limited at (γ+1)/

(γ-1) in the limit M
s
à∞ so shock 

waves compress moderately the 
fluid 

ii) r>1àV2<V1 ≈ (γ-1)/(γ+1) when 
M

s
à∞ 

iii) p2>p1 and p2/p1~ Ms
2à  

large compression of the fluid 
iv) T2>T1 and T2/T1~ Ms

2 à  
large heating of the fluid 
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Physical interpretation 

i) ρ2>ρ1 
ii) V2<V1 
iii) p2>p1 
iv) T2>T1 

Shocks decelerate the bulk flow speed (ii) 
and at same time heat and compress (i,iii) 
the fluid immediately after the shock (iv). 

It is clear that the energy to make the 
heating must come from kinetic energy of 
the fluid: infact the speed is decreased by 

the same factor r by which density is 
increased 

àshocks transform kinetic     
energy in internal (thermal) 

energy 
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Physical interpretation 
But this is not all the history...entropy change is also involved at the shock front 

First, note that, when Ms=1, all the ratios are =1: 
in this case the shock does not make any 

transformation on the fluid 

What does happen if Ms<1? 

The Rankine-Hugoniot eqns tell us 
that V1<V2 and T1<T2:  

the fluid is accelerated and cooled! 

This means that a fraction of the internal energy is transformed in kinetic 
energy, without having done anything else 

BUT... 
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Physical interpretation 
We have seen that in an ideal polytropic gas the specific entropy is 

Since the have neglected dissipation in deriving the equations 
(ie adiabatic transformations), the entropy is constant on 

either sides of the shock: 
s(x<0)=const.= s1, s(x>0)=const.= s2 

However we can calculate the entropy jump at the shock 

It is clear that: 
i) Δs>0, provided that is Ms>1 
ii) Δs =0 when Ms=1 à again the fluid properties 
do not change across the shock 
i) clearly indicates that some form of dissipation occurs at the shock: kinetic 

energy of upstream flow is irreversibly dissipated into thermal (internal) 
energy of the shock-heated gas downstream. Neverthless, the details of the 

dissipation mechanism do not enter into the final equations 
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Physical interpretation 

If Ms<1, then ρ2<ρ1 à we have Δs<0! 

This is impossible: 2nd law of 
thermodynamics states that the only possible 

transformations are those for which Δs≥0 

Therefore, we CANNOT have shock waves with Ms<1 

Shocks occurs ONLY for supersonic speeds 
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Shock thickness 
We have seen that shock waves transform inflow kinetic energy into thermal 

(internal) energy of the outflow flux with entropy creation and  
we have assumed infinitely thin shock wave 

The mechanism of entropy generation is given by the collisions among particles 

It follows then that the shock wave must be thick enough to allow the particles to 
undergo to some collisions so that ordered bulk kinetic energy (that is directed along 

the same direction of all the other particles) is transformed in internal disordered 
kinetic energy, ie thermal 

Therefore the shock thickness will be given, to order-of-magnitude, by the free 
mean path λ of the particles, since is over such scale length that the speeds are 

changed (in direction) 

The question is: physically it is impossible to have a mathematical step, so how 
good is the infinitely thin layer approximation? 
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Shock thickness 
We know that λ =1/nσ, with n particle density and σ diffusion cross section 

For istance in standard atmospheric conditions in which n~1023 cm-3 and σ=πaB
2 

with aB~10-8 cm, atomic Bohr radius, we get λ ~ 10-7 cm, so that the infinitely 
thin layer approximation is very good 

This type of shock in which the collisions between particles are responsible for the 
transformation of ordered kinetic energy into disordered (thermal) kinetic energy, is 

said "collisional" shock 

All the shocks studied in laboratories or in atmosphere are collisional 
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Shock thickness 
When we try to apply the relation to the astrophysical situations, we find a paradox 

First, most of the particles are ionized, so that they have not the dimensions of Bohr 
radius, but are much smaller (~10-13 cm) and, more importantly, the typical densities 

are much smaller, n~1  cm-3 

This means that the shock thickness would be macroscopic (~1016 cm) 

But most of the astrophysical matter is ionized and electrons and nuclei undergo to 
acceleration by electric and magnetic fields 

It is then generally believed that a combination of electric and magnetic fields, 
partly transient, is responsible of the kinetic energy isotropization of the particles 
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Shock thickness 
In such a case, the thickness of the shock must be comparable to the Larmor 

radius of a proton since it is on this length scale that the particles are 
deflected by a magnetic field 

Assuming a typical proton speed in a supernova explosion of ~ 104 km/s in the 
typical galactic magnetic field of 10-6 G, we have 

If compared with typical length involved in SN explosions (~ light year), the shock 
thickness is very small and the infinitely thin layer approximation can be safely 

used 

The shocks where the randomization mechanism of velocity vector is the 
interaction with electro-magnetic fields are called "non-collisional" shocks 
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Limiting cases: weak and strong shocks 

Weak shock: pressure & density change by small amount 

With ρ2 =ρ1 + Δρ and p2=p1 +Δp,  
Δρ<< ρ1, Δp<< p1 

This happens when Ms ≥ 1 
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Weak shocks 

Power serie for 
denominator 

Neglect 2nd order 
terms in Δp/p 
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Weak shocks 

r ≡ ρ2
ρ1
=

γ +1
γ −1
#

$
%

&

'
(P2 + P1

γ +1
γ −1
#

$
%

&

'
(P1 + P2

ρ2 = ρ1 +Δρ  with Δρ ≪ ρ1
P2 = P1 +ΔP   with ΔP≪ P1

*

+

,
,
,
,

-

,
,
,
,

⇒ ΔP = γP1
ρ1

#

$
%%

&

'
((Δρ = cs

2Δρ

Weak shock: pressure & density change by small amount 

Weak shock can be considered as a strong sound wave! 

The relation between pressure 
and density changes is exactly the 

same as for small perturbations 
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Strong shocks 
In many astrophysical applications, the normal Mach number is large, Ms>>1 

In this limit the Rankine-Hugoniot jump conditions simplify considerably 
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Strong shocks 

Fluid density changes moderately 

Fluid is strongly compressed 

Speed flow is slowed 

Fluid temperature is highly increased 

Mach number is <1à fluid is subsonic 
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Summary shock physics 

Across an infinitely thin steady shock you have in the  
shock frame where the shock is at rest: 
 
 
Mass-flux conservation 
 
 
 
Momentum-flux conservation 
 
 
 
Energy-flux conservation 

1 1 2 2n nV Vρ ρ=

( ) ( )2 2
1 1 1 2 2 2n nV P V Pρ ρ+ = +

1 2t tV V=

( ) ( )2 21 21 1
1 22 2

1 2( 1) ( 1)n n
P PV Vγ γ

γ ρ γ ρ
+ = +

− −Fiandrini Cosmic Rays 
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Summary: Rankine-Hugoniot relations 
(for normal shock) 

( )
( )

( )

2
2

2
1

2
2

1

1 1   
1 2 1

2 1
1

s

s

sP
P

γρ γ
ρ γ γ

γ γ

γ

+ +
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− + −

− −
=

+

M
M

M

1

1

shock speed
sound speeds

s

V
c

≡ =MFundamental parameter: 
Mach Number 

R-H Jump Conditions 
relate the up- and  

downstream 
quantities  at the shock: 
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The supersonic piston 

   Basically, a hollow tube is filled with a uniform gas at rest and fitted with a 
piston at one end.  At time t = 0, the piston is suddenly put into motion with a 

constant speed, Vp (>cs).   
The motion of the piston creates a shock wave, ahead of the piston, that moves 
in the same direction as the piston, but at faster, constant speed, Vs (faster than 

the speed of sound).    

A common situation in high energy astrophysics is one in which an object is 
driven supersonically into a gas, or equivalently, a supersonic flow past a 

stationary object (ie what is important is the relative speed between fluid and 
object), as for istance in the case of supernovae explosions 

A good illustrative example is 
a piston driven supersonically 

into a tube filled with 
stationary gas 

The problem is to calculate the shock wave speed 
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The supersonic piston 
Let work out the problem in the 

shock wave reference frame, which 
is moving in the observer frame at 

speed +Vs 

2 1 

In the obs frame, the pre-shock fluid is at rest V1=0, while for the post-
shock fluid is reasonable to assume that is moving at the same speed of 
the piston V2=Vp>cs because the particles of the fluid are swept up when 
the piston reach them, very much like snow is swept up by a snowplow 

x 

The galileo's tranformation is Vsh=Vobs – Vs 

In the shock frame, the pre-shock fluid moves with speed V1'=-Vs and 
the post shock fluid moves at (unknown) speed V2' 
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New variables: specific volume 

The three conserved fluxes: 

Alternative form of conservation law 

Mass flux 

Momentum flux 
Energy flux 
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From momentum 
conservation: 

From energy 
conservation: 

You can combine these two relations! (ie eliminate J2) 

‘Shock Adiabat’ 
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The supersonic piston 

2 1 x 

but 

(cfr. pag 233) and 

(cfr. pag 234) 

But 

From mass flux conservation 

Then we have to find the pressure ratio 
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The supersonic piston 

2 1 x 

We dont know V2', but we know the 
speed difference 

From Galileo's transformation 

From mass flux conservation we have 

but (See pag 234) 
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The supersonic piston 

2 1 x 

Now eliminate specific volume v2 in (a) by using 

Then square (a) and solve for for p2/p1 

(a) 

The sound speed in the pre-shock region is γv1'p1 =c1
2 è we can solve for p2/p1 

(cfr. pag 234) 
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The supersonic piston 

2 1 x 

Inserting (a) into (b) after some simple but tedious algebra we have 

(a) 

(b) 

The shock wave travels at higher speed with respect to the piston 

è there is a layer of shocked material in between the shock wave and the 
piston, traveling at the piston speed, compressed and heated by the shock 

wave passage 
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The supersonic piston 

E.g. for a monoatomic gas γ=5/3 à  Vs/Vp=4/3 

In the limit of strong shocks, the expression reduces to 

à the ratio between the shock position and the piston position is 

All the gas originally in the tube between x=0 and the shock position is 
squeezed into a smaller distance (Vs-Vp)t 

So behind the shock wave and ahead of the obstacle (the piston in 
this example) there is a layer of material compressed and heated 

This is what is expected to occur when a supernova ejects a sphere of 
hot gas into the ISM 

It is also seen that there is a stand-off distance of a shock front from a blunt object 
placed in the flow, as for istance in the case of solar wind past the Earth's magnetic 

dipole 
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Earth’s bow shock 
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Examples of Astrophysical shocks 

Cometary bow-shocks Fiandrini Cosmic Rays 


