
Lecture 6 241019 
•  Il pdf delle lezioni puo’ essere scaricato da  
•  http://www.fisgeo.unipg.it/~fiandrin/didattica_fisica/

cosmic_rays1920/ 
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1st invariant: gyromotion 
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1st invariant: gyromotion 
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Let |B| vary in time uniformly. Because B varies in time, there an induction field such that 

τg=2π/ω=2πm/qB 

The fundamental assumption is that dB/dt does not vary over a gyroperiod 
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1st invariant: gyromotion 
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Adiabatic invariants in B fields: 1st invariant 
If B field varies only weakly in 1 gyroradius, i.e. dB/Bdt<<wL/2π, or 

Bdρ/dB<<ρ, then 

const.
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≈= ⊥ .const≈== BαsinpJI 2
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• When α=90o, mirroring occurs, 
  and Bm=B/sin2α defines the mirror field value 
which is the same at all the mirror points along the 

particle trajectory, i.e. particle reflection occurs 
always at Bm =constant. 

  At magn  equator, α is minimum and 
  sin2αeq=Beq/Bm 

  sin2α=B/Bm  
  at any field valueàα depends only on the field 

Bm is an adiabatic invariant because 
identical to an adiabatic invariant and 

because Beq is a constant αeq is an 
adiabatic invariant too 

When B      , α       

αeq 
α1 α2 
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Adiabatic invariants in B fields: 2nd invariant 

with ds element of path along the field line Bouncingà  ( )∫ ⋅+= sAqp !!! dJ2
If B field varies only weakly on a scale comparable with the distance traveled along the field by 
the particle during one gyration à  pLp /2πω/BB v<<∇ then J2~const. 

The 2nd term gives 

Da dimostrare.. 
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Adiabatic invariants in B fields: 2nd invariant 
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 J2 does not depend on particle properties but only on field structure, because 
cosα=(1-sin2α)1/2= [1-B(s)/Bm]1/2 

The primary use of I2 is to find surfaces 
mapped out during bouncing and drifting. A 
particle initially on curve 1, with a given I, 
will drift on curve 2 (with the same I) and 
return to 1, mirroring at Bm in both the 
hemispheres throughout the drifting. 
At each longitude there is ONLY one curve 
–or field line segment- having the required 
value of I. The particle will follow a 
trajectory made of field line segments 
such that I is constant. 

Contours of constant I2 

Contours of constant B 

Mirror points 

1 
2 
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Adiabatic invariants in B fields: 3rd invariant 

with dlD  element along the long drift path Driftingà  

then J3~const. 

If B field varies only weakly in the area encircled by particle during the gyration 
or drift motion i.e.                                          or  

nn v/2πω/BB L<<∇ Dn v/2πω/BB L<<∇

constqΦldAqld)pA(qJ DD3 ≈=⋅=⋅×∇=⋅≈⋅+= ∫∫∫∫ SdBdSA
driftdrift

!!!!!!
)(

The 3rd invariant is prop to magnetic flux Φ enclosed by drift path 

Important to describe drifts paths during slow changes of B. 
In slowly changing fields 1st and 2nd invariant are conserved 

but E can change, e.g. due to slow compression/expansion of field 
or secular variations of the field. 

Conservation of Φ requires particles to move inward/outward 
reversibly on the orbit during changes. 

Rapid changes, i.e. dB/dt>>BwD, will cause permanent changes in 
Φ and therefore in particle orbits, e.g. solar storms, CME,… 

( )∫ ⋅+= DlAqp
!!! dJ3
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The Radiation Belts: static model 
Omni dir. P, E>10 MeV 

Omni dir. e, E>1 MeV 

Average structure of the belts: 
à  Inner belts centered at ~1.5 RE 
à Outer belts centered at ~4 RE 

p only in inner belts 
e- found in both  

Single maxima Lmax     when E    
Inner belts, high energy up to ~400MeV 

Two maxima, L     when E     
Low E (< 7MeV)  
Slot Region in between Inner and 
outer belts 
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MonteCarlo Approach:Fluka 2000 

Key points: 
àaccurate primaty CR fluxes 
àrealistic model of atmosphere (MSIS-E90) 
àinteraction model (FLUKA 2000) 
    intrinsically 3-D 
    continously checked vs exp data 
    theory driven approach 
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The Radiation Belts: residence times  

Lifetimes of low E particles range  
from few days to years for energies 
not exceeding few tens of MeV 

àAtmospheric interactions are the 
   dominant losses for L<1.25, as shown by 
   continous line 
àFor L>1.3, lifetimes are much shorter than 
    those expected from atmosph.  
àLoss due to plasma-wave interactions with 
    pitch angle and radial diffusion 

1 year 

3 years 

Time for ele flux  to decay by a factor 1/e 

1 month 

Inner Belts Outer Belts àMost of exp data shown was obtained  
following the decay of e- flux produced in  
high altitude nuclear explosions in ’60’s (e.g.  
StarFish event in ’62) 
This ‘events’ form very likely a heavy background 
to AP-8 models developped during that period 
àConfirmed also from studies on decays of e- 
injected during magn storms and substorms 

Atm. loss 
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Adiabatic invariants in B fields: coordinates 

To conserve invariants particles will 
move following segments of field lines 
such that Bm (or αo), L, Φ are conserved  

Any reference system based on geocentric coordinates does not allow  
insights into the relationships between the particle distributions at 

different locations due to lack of simmetry in the irregular geomagnetic 
field 

What is needed is a coord system based 
on trapped particle motion which will 

have naturally identical values for  
equivalent magnetic positions 

   Adiabatic invariants provide     
such a coordinates system 

Contours of constant I2 

Contours of constant B 

Mirror points 
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Adiabatic invariants in B fields:drift shells (1) 
The ensemble of field lines segments of constant invariants forms the surface 

mapped out by the guiding center of a particle during its motion:  
the drift shell 

All the particles with the same invariants map out the same 
drift shell, i.e. are equivalent from magnetic point of view 
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Contours of constant I2 

Contours of constant B 

Mirror points 

SAA 

Hmir not const due to 
irregularities in earth’s  
B field 
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Adiabatic invariants in B fields:drift shells (2) 

Adiabatic Invariants are difficult to visualize and interpret 
in a simple way, due to their complicate definition what is needed is to 

 build more easily readable coords derived from AI: 
µ  è Bm or αeq, because are very easy to interpret and are still AI 

      àall the particles with same Bm and αeq will mirror at same location 

For I2 a dipole analogy: in a dipole field, all particles with same AI will cross magn. equator at 
same distance Ro from dipole axis, i.e. particles will remain on field lines having the same R0 
è R0=fD(ID,BD,MD) with fD  known function of dipole AI of the particle and magn 

moment of dipole 
Contours of constant I2 

Contours of constant B 

Mirror points 

L 

For real earth’s field a new variable is defined 
based on dipole fD: by definition the equivalent 

equatorial radius, L, called McIllwain 
parameter, is given by LRE=fD(I,B,ME)  

Particles will follow paths such that L=const. 
NOTE: L=const. does not imply R const.!!! 
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Motion in Earth’s Magnetic Field 

Adiab. Invariants 
Bm or αo 

Shell Par. L 
Mag. Flux Φ

3 quasi-periodic  motion comp. 
Ø Gyration with Larmor freq.  
Ø Bouncing betw. mirror points 
Ø East-West drift  

L 

αo 

Particles with the same adiabatic invariants (L,ao) or (L,Bm) have same 
motion in the Earth’s field 

P 

B Bm 



Back to cosmic rays 
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 Cosmic Rays propagation as function of: 
1) Diffusion D =lv/3 
2) Rate of  change of  particle energy b(E) = 
dE/dt 
3) Particle loss term due to interactions and 
decays 
4) Particle gain from sources and all 
interactions and decays 
 



17 

Equazione di propagazione (1) 



18 

Equazione di propagazione (2) 



Equazione di propagazione:esempio 
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Equazione di propagazione:esempio 



Equazione di propagazione 
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Equazione di propagazione 
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