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1st invariant: gyromotion

The so-called first adiabatic invariant is obtained by integrating P from
equation (4.10) around the gyration orbit, where dl is an element of the
particle path around the orbit.

/i :j;[P + gA]-dl
=p,-2mp+ q%A-dl A

=p, - 2r2L 4 gfv x A-dS (4.11)
Bg J

where dS is an element of the area enclosed by the path. Therefore,
2
Ji = 27;0‘ + qﬁgB-dS <'>

2
= - = = ~ (4 12)
Bqg Bq qB

The second term in (4.12) is negative because dS as defined by the particle
orbit points in the opposite direction to B.
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1st invariant: gyromotion

d(p,\_(dp, p,. 9B Bd(p,\_(dp. 1 9B
dt\ B Bdt B® ot p.dt\ B p.dt B ot
Let |B| vary in time uniformly. Because B varies in time, there an induction field such that
VX E-dS = p.-a =[98 .o ;0B .
b‘ X E-dS = ¢E-dl = _4‘ S, 48 =—mpt— (4.14)
The energy change in one revolution or in one gyroperiod K i1s therefore
AW = "C{$E ~dl = qm:r’%[i (4.15)

ol

The fundamental assumption i1s that dB/dt does not vary over a gyroperiod

Hence
d% /\ L‘/ 1dB B(j
— = — = gup A, 1::231:(D=2313m/B
dt T, 3t 2mm =2 a
2mB ot
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1st invariant. gyromotion

et T P WA -

Also,
dW d > ,dy
T = aminet ) = Ma et —— 4.17
P d[(Y 0c”) 0 i ( )
where
4 ’ 2 T vy=E_/ m_c?
- [1 e __Pz.'.-)] = [p,2+(m_c?)?]"2/ m c2 =
dr dt mgc’ = [(p, /m c?)>+1]12
, dp?
e G (4.18)
2mgcty df
Equate (4.16) and (4.17) using (4.18) for dy/d¢ to obtain
13B _ 1 dp}
Boat pi dt
Therefore
% = constant (4.19)

and it follows that u = p® [2my B is also constant.
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Adiabatic invariants in B fields: 1st invariant

If B field varies only weakly in 1 gyroradius, i.e. dB/Bdt<<w/ /27, or
Bdp/dB<<p, then

~const. or | = Jl/p = sinza/B ~ CONSL.

*When a=90°, mirroring occurs,
and B_=B/sin*a defines the mirror field value
0‘2\‘:%\‘ which 1s the same at .all the rpirror poiqts along the
Fux Tube P TN O ticle trajectory, i.e. particle reflection occurs
i\ e

Mirror Point
(Pitch angle =90)

always at B_ =constant.

At magn equator, o 1S minimum and

. 2 _

SIN“0ly=B,/Bpy
. 2 —

7 > 7 X sin“0=B/B,
Magnetic Conjugate Point i VNN any field value> o depends only on the field
B,, 1s an adiabatic invariant because
identical to an adiabatic invariant and

because B, is a constant a,, 1s an
adiabatic invariant too

i\}

Magnetic Field
Liae tine /‘(_/7—
77 ‘._; e
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Adiabatic invariants in B fields: 2nd invariant

Bouncing% J = f(p + qA) ds with ds element of path along the field line

If B field varies only weakly on a scale comparable with the distance traveled along the field by
the particle during one gyration > VB /B << ®, /2y, then Jy~const.

The 2nd term gives #’;QA - ds =

|
S
<
X
P
o,
5

-

=0 (4.30)
since the integration path along the field line encloses a negligible area
and no magnetic flux.

Therefore
Jr = _'F.p -ds = ;i;.p cos @ dys = .){-f,pfg ds = constant (4.31)
Da dimostrare.. 6
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Adiabatic invariants in B fields: 2nd invariant

J, does not depend on particle properties but only on field structure, because

cosa=(1-sin2a.)2= [1-B(s)/B, ]2
JZ

J, =pf\/1—B(s)/Bmds — 1, =— = cons¢

2p

The primary use of I, 1s to find surfaces
.=l ‘mapped out during bouncing and drifting. A
: particle initially on curve 1, with a given I,
will drift on curve 2 (with the same I) and
return to 1, mirroring at B in both the
hemispheres throughout the drifting.
At each longitude there is ONLY one curve
—or field line segment- having the required
value of I. The particle will follow a
trajectory made of field line segments

such that I is constant. 7
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Adiabatic invariants in B fields: 3rd invariant

Driftin g S J3 — f (‘5 + q A). d lD with dlD element along the long drift path
If B field varies only weakly in the area encircled by particle during the gyration
or drift motion 1.e. VBn/B << mL/ZTWn or VBn/B << mL/ZTWD

then J 3~const.
J.= §(qA+p)-dlo = fqA-dlp = [(Vx A)-dS = [B-dS = q® ~ const

The 3rd invariant is prop to magnetic flux @ enclosed by drift path

Important to describe drifts paths during slow changes of B.

In slowly changing fields 1st and 2nd invariant are conserved
but E can change, e.g. due to slow compression/expansion of field
or secular variations of the field.

Conservation of @ requires particles to move inward/outward
reversibly on the orbit during changes.

Rapid changes, i.e. dB/dt>>Bwy,, will cause permanent changes in

® and therefore in particle orbits, e.g. solar storms, CME,...
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The Radlatlon Belts: static model
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MonteCarlo Approach:Fluka 2000
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Key points:
—>accurate primaty CR fluxes
—>realistic model of atmosphere (MSIS-E90)
—>interaction model (FLUKA 2000)
intrinsically 3-D
continously checked vs exp data
theory driven approach
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Decay time (days)

The Radiation Belts: residence times
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Lifetimes of low E particles range
from few days to years for energies
not exceeding few tens of MeV

—> Atmospheric interactions are the
dominant losses for L<1.25, as shown by
continous line

—>For L>1.3, lifetimes are much shorter than
those expected from atmosph.

—>Loss due to plasma-wave interactions with
pitch angle and radial diffusion

- Most of exp data shown was obtained

following the decay of e- flux produced in

high altitude nuclear explosions in ~ 60’ s (e.g.
StarFish event in ~ 62)

This ‘events’ form very likely a heavy background
to AP-8 models developped during that period

—> Confirmed also from studies on decays of e-

injected during magn storms and substorms 1



Adiabatic invariants in B fields: coordinates

Any reference system based on geocentric coordinates does not allow
insights into the relationships between the particle distributions at

different locations due to lack of simmetry in the irregular geomagnetic
field

What 1s needed is a coord system based
on trapped particle motion which will
have naturally 1dentical values for
equivalent magnetic positions

Adiabatic invariants provide
such a coordinates system

To conserve invariants particles will /H
move following segments of field lines \
such that B (or a,), L, ® are conserved =

Iy
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Adiabatic invariants in B fields:drift shells (1)

The ensemble of field lines segments of constant invariants forms the surface
mapped out by the guiding center of a particle during its motion:

the drift shell

H,,;, not const due to
irregularities in earth’ s
B field

500

Longitude (deg)

All the particles with the same invariants map out the same

: : , : , : 13
E. Fiandrini drift shell, i.e. are equivalent from magnetic point of view




Adiabatic invariants in B fields:drift shells (2)

Adiabatic Invariants are difficult to visualize and interpret
in a simple way, due to their complicate definition what is needed is to
build more easily readable coords derived from Al:
u=>» B, or a,,, because are very easy to interpret and are still Al
~all the particles with same B, and a.,,, will mirror at same location

For I, a dipole analogy: in a dipole field, all particles with same Al will cross magn. equator at

same distance R, from dipole axis, i.e. particles will remain on field lines having the same RO

> 4 ROZfD(IDaBDaMD) with fD known function of dipole Al of the particle and magn
moment of dipole

Contours of constant I,

i XN @«

i For real earth’ s field a new variable is defined

AL | based on dipole f},: by definition the equivalent
ffff Io equatorial radius, L, called Mclllwain
120 e parameter, is given by LRy=f;,(I,B,Mg)

Particles will follow paths such that L=const.
NOTE: L=const. does not imply R const.!!!

Iy

.
e, =
RLTTTT
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Motion in Earth’ s Magnetic Field

Basic Components of Particle Motion: bounce, gyraﬁon and drift

Flux Tube

\ﬁﬁzpped Particle “DQP 4

oy Trajectory
e .A:::_ \ Mirror Point _)
} (Pitch angle =90)
Electron

Proton ¥ ‘D rift agneno Field (/'\"
Drift S
Magnetic Conjugate Point w*,v}f‘

3 quasi-periodic motion comp. Adiab. Invariants
» Gyration with Larmor freq. <—> B, ora,

»Bouncing betw. mirror points <——> Shell Par. L
» East-West drift <—> Mag. Flux &

Particles with the same adiabatic invariants (L,a ) or (L,B, ) have same

motion in the Earth’ s field
o 15
E. Fiandrini



Back to cosmic rays
Cosmic Rays propagation as function of:
1) Difftusion D =lv/3
2) Rate of change of particle energy b(E) =
dE/dt
3) Particle loss term due to interactions and

decays

4) Particle gain from sources and all
interactions and decays



Equazione di propagazione (1)
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Equazione di propagazione (2)

- ~ =
ICHA. v'(D;V”J*—?—(E;N{)*”‘U"’; N+ Moo = g N T U ’_\/;
’t aE T ! J'CA ’J ) 3 /T:')

G i

s Una 508 omplifa niclizde £'uso i eqkdziom di quaste tipo per tudly
+.L>'. i watdn L. tm sisfeuwe A 9. e ccophiate

X D obbi o assunod clu A dnsital psseva by N: ' bi 0% ok fe amm b Ta 2ioAu
2 b vite e T sigmo mote

¥ Dobbitmg i hu oo sann Lq .f\n/vwa 2 ¢ voluana dlle Juqa'ww PN W‘,a@«\a'{om

AL, (R MLU'\Q WSSil,Q'th{M sla 2 i tbww oled (,'7\4»«])1) MW'C"’ 2 La orstalon -
zira Al gas imtunstallon o dudl son gt



:esempio

i propagazione
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Equazmne di propagazmne esemplo
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Equazmne di propagazmne
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Equazmne di propagazmne

G 1 I | | =T
1 s Jorie [ B Mﬂ_‘ 25 f*m S B 1)/ T A ,@g% A pas
b ol SpAy ‘ AR
)T,q’ﬂ <14 fo Mmbum' IMJ]r‘ML fW 0 i 4 -1
{ — fy D i 1 r /MJ L\ = el h
Al | ] Jes Bl (7 8 e
=4 E [4 |
om Mtie,z " by s kd 7l VU Isp
: [ : |
T ™ B PERY AR TN
1 N T hinlpat | | L
5 (151 l ' V!
el E IR R T O
1] B2 0 YT O 7
7 WY A bt e
s I H[\ o s G 4 "o deohe | skl
¥ NN ne _M,KW
ek i 7| Tilledol Szl | | | b E
CRMAN m! | T M,y 6 ¢ 5
5 710 i i - E 185 i
P b
Ll ; 1 all \[/7
CLL/F« o > a [shilladiots. dowdwd w | gge 5o | comaly 2opun ’Tf “/J .
r ‘ i \/4
oL el R 2 E Y (A
ol casol Bisoira Yire, ol bniome 7 U N W x:
| l b A # q, 2 L
D s o | aban Jsdsato ml] V W |4 2 1) r{.“hf,u 3 £l |2 fv she
bl b mid S0 A crdad]
g | P s o«
‘qm 59l st m%m Ti | & m F} N F
| lf— I
1 b ﬁgq R~ D o] A | H5co
{ l | bk 2
staare| i A L
1 M \l 7 5 /)
o |, jh(f,o Soﬂf},hla/u : Irwxf( t ﬂ :
&k Vi | de | IQ'WS! Gucja_ | 3 T |
L + I | t ! o 1 71 3 I I f i




