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Cenni sulle fasce di van allen 

Le fasce di Van Allen nel campo geomagnetcio 
sono un esempio in cui drift e diffusione in campi 

magnetici giocano un ruolo essenziale. 
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Down to the magnetosphere 

After a GCR has crossed the heliosphere or a solar particle reached the 
earth orbit, there is another obstacle they have to pass through before the 
detection around the Earth becomes possible. 
This is created by the magnetic field of the Earth against the streaming 
solar wind from the Sun in a very similar way as it happens for the 
heliosphere in the interstellar wind. 
The relevant difference is that for HE the pressure against the 
surrounding ISM medium is given by the kinetic (or ram) pressure of the 
solar wind (nmV2), while around the earth the energy pressure is 
provided by the magnetic energy density (B2/2µ) of the earth’s magnetic 
field against the SW ram pressure. 
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Local Environment 

A void in the heliosphere where 
Earth’s B field dominates 

A void in the local interstellar medium 
where Sun B field dominates 

Different Scales, Similar Structure 

Magnetosphere Heliosphere 
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Why is magnetosphere important? 

àDespite the ‘simple’ physics, we still lack a complete 
    knowledge of the mechanisms playing a role in filling 
    and depleting belts 
à Very high particles flux 
    àhazards for manned satellites  
    àpotential damage to electronic devices 
àBackground to measurements @ satellite altitudes 
àOn different scales, magnetospheres are present 
    everywhere in Universe 
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Earth’s Magnetosphere 

The universe is divided by magnetic 
bubbles within bubbles ranging from the 

planetary, stellar, and perhaps  
galactic and local group scale. 

The magnetic pressure deflects solar wind 
much like the bow wave in front of a fast 
boat, shaping a cavity  in the solar wind 

where earth B field dominates 

The source of the magnetosphere is 
Earth’s magnetic field 
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Earth’s Magnetosphere 
2 sources for Earth’s field: 

• inner dinamo due to the rotation in the 
outer coreà inner field 

• external ring currents circulating in 
the magnetosphereà external field 
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Geomagnetic Field: coordinates 

Field center is at 
(320 km, 21.6 N, 
144.3 E)  
in GTOD  mag 
poles inverted wrt 
geographic ones, 
dip axis is tilted of 
11.3o  wrt the 
rotation axis 
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Inner Field 

VB ∇−=

The inner field is given by a scalar potential V, because of the absence of 
free currents in the nearby space around the Earth. 
In such a case, ∇xB=µj=0 and therefore, a potential V can be found such 
that 

From ∇•B=0, it follows that -∇•(∇V)=0 à 

0=ΔV

A Laplace equation 
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Real Geomagnetic Field 
The general solution for the Inner Field is described by a shifted  

multipole expansion 
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g and h normalization coeff, P Legendre coeff and θ, φ are geomag 
coords, n gives the order of the multipole, and m the harmonis 

International Geomag Ref Field (IGRF) model takes into account n=10 
terms for field calculation 

Accuracy is ~0.5% close to Earth’s surface, ~6% at 3 RE 

Field center is at (320 km, 21.6 N, 144.3 E) in GTOD (geographic 
coord.)  

Mag poles inverted wrt geographic ones, dip axis is tilted of 11.3o 
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Earth’s Magnetosphere: dipole equations 
At lowest order (n=1, m=0), 
the approximation is dipolar 
and V=(1/r2)g0

1cosθ

To first order, the earth field can be described as a 
sphere magnetized uniformly along its dipole axis 

λ
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Earth’s Magnetosphere: inner field 
Sadly, Inner Earth’s field is not dipolar and the approach is only  a  

rough approximation at few Earth radii 
Inner Field is described by the shifted  multipole expansion 

∑ ∑
= =

+
+=

N

n

n

m

m
n

m
n

m
nn

E Pmhmg
r
rV

1 0
1 )(cos()]sin()cos([ θϕϕ

International Geomagnetic 
Reference Field (IGRF) 
model takes into account 
N=10 terms for field 
calculation and it is the 

STANDARD model 

Accuracy is ~0.5% close to 
Earth’s surface,  

~6% at 3 RE 
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Real Geomag Field: dipole shift  effect (SAA) 
Dipole center shift èB equipotential      
                   surfaces are not at constant  
                    height wrt Earth’s surface 
 Tiltè region where a given B field is found at 
minimum height is above Brazilian coasts in 
south hemisphere. In this region plasma particles 
can reach very low altitudes.The region is called 
South Atlantic Anomaly (SAA) 

Earth’s surface 

5oo km 

SAA 
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Earth’s Magnetosphere: Inner Field 
South Magn pole 

Field changes slowly over 
 the years, producing a  

secular drift of the  
magnetic poles 

The magnetic moment M of the field is 8 x 1025 Gcm3, resulting in a field intensity of ~0.3 G at 
equator and ~0.6 G at poles. 
 
There are geological evidences of intensity variations of the dipole moment (it was less than half 
0.5 Myear ago) and field polarity reversal with a period of ~ 0.5 Myear with shorter reversal on 
shorter time scales (from thousands to 200.000 years). Last polarity reversal occurred about 
30.000 years ago. 
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Earth’s Magnetosphere 
The most evident effect 
of the solar wind pressure 
is a compression of field lines on 
the dayside and a drag effect in 
the nightside 

No solar wind 

With Solar wind 

Dayside 

Nightside Dayside Nightside 

The inner field of the earth dynamo is 
shaped by the interaction with solar wind, 
which –as we will see- injects continously 
particles in the magnetosphere. The 
circulation in field leads to currents which 
contribute to the total field of the Earth 
above few RE’s 
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External Field 
A complex system of 

currents is circulating in the 
magnetosphere  

determining the structure of 
the external field 

heavily influenced by SW 
and solar activity 

It is directly due to the 
action of the solar wind. 
Its representation is 
based on the modular 
principle, according to 
which, Bext is given by 
the sum of the 
contributions of the 
major magnetospheric 
current systems 
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Magnetosphere: magnetic trap 

The main feature of the magnetosphere is that a 
characteristic particle population is present in the inner 

part from atmosphere limit to the magnetopause. 
 

These particles are in a magnetic trap created by the 
Earth’s field with trapping times from few seconds to 

years: 
 

The Van Allen radiation belts 
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Why do radiation belts exist? 
                   Necessary ingredients: 
• Existence of a non-uniform B field 

à Cutoff Energy 
à Allowed/forbidden trajectories 

• Dipole-like B field and closed field lines: 
à Periodic motion 
à  Separability of motion components 

• Population: 
     à”Equilibrium” of physical processes  
          for plasma injection and loss 
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Rc is a complex function of the 
position in the field and of 
particle momentum direction: 
Rc(r,Q,F,p/p) 

Rigidity Cut-off: allowed/forbidden trajectories 

Only particles with rigidity R 
greater than a minimum rigidity 

Rc can reach a given position 
from outside magnetosphere, 

because B field gradients bend 
particles trajectory as they 

approach earth. 

Driving force is the Lorenz force (in quiet sun conditions) 
dP/dt=(q/c)(E+vxB) 

Typically E=0 and given R=P/q, the magnetic rigidity è dR/dt=βxB 
All particles with same R and β have same motion  
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In a dipole field Rc is given by the classical 
Stormer cut-off: 

Rigidity Cut-off: Stormer Cut-Off 

Rc ~ 15 GV at equator, 
     ~ 0.2 GV at poles 
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The main features are that for any 
position in the field there a minimum 
threshold rigidity, below which a particle 
from outside can not reach that position. 
à It depends on the arrival direction of 
the particle θ, φ
à Because of the factor Qsinφ, a charged 
particle from φ has a lower cut-off wrt a 
particle coming from φ +π and a charge Q 
has a lower cut-off wrt a charge –Q from 
the same direction (East-West effect) 

being Q is the particle charge, θ, φ the polar and azimuthal angles 
wrt the local zenith, Θmag the geomagn latitude and ME the earth’s 
magnetic moment



Allowed Cone 

Penumbra 

Forbidden Cone 
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In a dipole field Rc is given by the classical 
Stormer cut-off: 

Rigidity Cut-off: Stormer Cut-Off 

The access from infinity to any pos is described 
by a set directions of approach: at any point we 
can define a cone dependent on rigidity- which 

encloses all the trajectories from infinity 
reaching the point (allowed) and the cone 
enclosing those not reaching the position 

(forbidden) for the given rigidity 

Rc ~ 15 GV at equator, 
     ~ 0.2 GV at poles 
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Rigidity Cut-off: Trapping 

The forbidden/allowed cone explains the 
existence of trapped particles. 

Particle from outside cannot approach the 
position in the forbidden cone, but it is also 
true that a particle already within one of 

those regions couldn't get out if R<Rc.  
What were forbidden regions for particles 
approaching from the outside were trapping 

regions for some particles already there. 
Then allowed/forbidden cones are 

relative to the particle 
direction of approach and particles with 

R<Rc cannot go from one cone 
to the other 

No one realized that these trapping regions might well be filled with trapped  
radiations forming a radiation belt around the earth, i.e. biased to particles 
coming from outside. No one paid any attention to this possibility until Van 

Allen's discovery in 1958. 
This is an excellent example of how initial orientation can markedly bias 

the investigator's conclusions 
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Trapping 
A necessary condition to have trapping is then to have  

rigidity below the cutoff rigidity Rc but… 
it is not sufficient for stable  trapping 

because it states only the impossibility for a particle 
to reach infinite distance from source 

What is needed is a suitable field configuration 
which allows at least quasi-periodicity of particle motion 
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Motion in B fields: classical approach 
Guiding center decomposition: 

Parallel and normal components to the field line: V=Vp + Vn and 
Vn is decomposed in a drift and a gyration with Larmor radius ρ=Pn/Bq and frequency 

ω=qB/m è V= Vp + VD + ωxρ = Vgc + ωxρ 
The motion is then described by a traslation of a point, the Guiding Center, plus a 

gyration around GC normal to B 
Parallel and normal components are decoupled 

If dB/Bdt<<ω/2π

Vgc 

B ω

GC 

ρ B 

α
Vn=Vsinα
Vp=Vcosα

The “Pitch“ Angle 

P 
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Motion in B fields: classical approach 

As a consequence of the decoupling, the motion can be 
decomposed in 3 quasi-periodic components: 
•  gyration around the field line  
•  bouncing between the mirror points along the field line 
•  drifting normal to the field line and to the field gradient 
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Motion in B fields: classical approach (2) 
The parallel motion   
is described by 
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Force is independent on charge and 
opposite to parallel field gradient 
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In a B field, 
V is a constantà 
V2=v2

p+v2
n= const 

vpà0 èat some point and the 
particle is reflected back 
α=900 at reflection 
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Earth field has this  
feature due to the  

dipole-like structure  
of the field up to 
latitudes of 780 

If we have a field config with 2 oppositely 
directed parallel gradients, there is 
periodic motion parallel to the field lines, 
because particles are reflected forth and 
back between the 2 gradients  

à magnetic bottle 

Mirror points 
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Motion in B fields: classical approach (3) 

Gradient and curvature drifts appear always together 
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Vgc always perp to B and B gradientàperiodic drift 
motion if drift path is closed following const. B contours 

Drifts depends on q à 
oppositely charges drift in 
opposite directions 

Normal motion is given by: 
à  Gradient drift: v const. but ρ  
     increases/decreases with  
     decr./incr. field strength 

à Curvature drift:  
    due to centrifugal force  
    on GC following curved B line 

Important implication: if particles are trapped inside a torus field, the best and  
finest adjustments in temp and field cannot prevent particles to drift across field lines and out of 

torus sooner or laterànuclear fusion problem 

Again Earth’s field has the requested features 
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Motion in B fields: trapping limits 

Within 7-8 RE at equ. plane, all the drift 
paths are closedàIn this region a particle 
remains thus trapped in the earth’s field 
forever, if there are no external 
perturbations: stable trapping 

Last closed path 

Below 780 degrees, the 
field lines are closed on 
earth. Above this limits 
the polar cusps starts 
and the field lines are 
connected to the 
magnetopause, i.e. open 
field linesà no trapping 
possible 

Quasi-trapping: closed 
field lines but not closed 
equipotential lines 
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A more powerful approach: adiabatic invariants in 
B fields (1) 

Guiding center equations are an enormous improvement wrt the Lorenz 
equation but drift and mirroring equations do not allow long-range 
predictions of particle location, if no axial simmetry is present 

What is missing? The “constants of motion”, 
analogous to the conservation of E, P, and angular 

momentum 

Fortunately,in mechanical systems undergoing to periodic motion in which 
the force changes slightly over a period, approximate constants do  

existè the adiabatic invariants 
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A more powerful approach: adiabatic invariants in B 
fields  

The classical Hamilton-Jacobi 
theory defines adiabatic invariants 

for periodic motion: the action-
angle variables 

∫= iii dqpJ
With pi and qi action angle variables canonically 
conjugated and the integral is taken over a full 

period of motion 

dJ/dt~0 provided that changes in the variables occur 
slowly compared to the relevant periods of the system and 

the rate of change is constant 

Simple exampleà Mechanical pendulus: if the lenght increases only 
weakly during one swing, then Energy x Period, E•T, is a quasi-constant  

of motion, i.e. an adiabatic invariant 

For a charged particle in a magnetic field, the conjugate momentum  
 is P=p + qA , with A vector potential of magn field 

Because there are 3 periodic motions, 3 adiabatic invariants can be defined 


