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SW energy gain: another approach 

In the rest frame of the moving cloud or in the shock rest frame, we have 

Because for ultra-relat. particles  E/c=p 
The collisions are elastic (because collision-less in the rest frame of the cloud/SW) 

E1’= E2’ and going back to the labo 

therefore 

Downstream the 
shocked gas 
flows to the left 
with speed u2 
relative to the 
shock front à in 
the lab it moves 
to the left with 
V=-u1 + u2 

Let consider another approach: the same physical mechanism is working both at a 
shock front both in a cloud of magnetized plasma with strong magnetic irregularities 
acting as collisionless scattering centers (e.g. this can be thought as the turbulent 
region ahead a shock front or even the whole galactic disk) 
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SW energy gain: another approach 

The crucial difference between the two cases comes when we take the angular averages to 
obtain the average fractional energy gain per encounter.  

First, the average over θ2’ has be to done 
Cloud 

In S’(where the particle is at rest in average), 
the particle distr. is isotropic because of the 
random motion inside the cloud, therefore  
dn/d(cosθ2’)=const.,   –1< cosθ2’<1 

Then < cosθ2’>=0 and 
ΔE/E1=γ2 (1 –βVcosθ1) - 1 

Shock front 
In S’ we have again a isotropic distr. but we have to project 

on a plane (the shock front), therefore 
dn/d(cosθ2’)=2cosθ2’,  0<cosθ2’<1 

Then < cosθ2’>=2/3 and 
ΔE/E1=γ2 [1+(2/3)βV –βVcosθ1 – (2/3)βV

2cosθ1)] - 1 
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SW energy gain: another approach 
Shock front 

In S’ we have again a isotropic distr. but we have to project 
on a plane (the shock front), therefore 

dn/d(cosθ2’)=2cosθ2’,  0<cosθ2’<1 
Then < cosθ2’>=2/3 and 

ΔE/E1=γ2 [1+(2/3)βV –βVcosθ1 – (2/3)βV
2cosθ1)] - 1 

The prob of  the particles which cross the shock arrive in a solid 
angle dΩ around θ dir per unit of  time is: 

dn ∝ vcosθdΩdt à dp(θ) ∝ cosθd(cosθ)  

Normalizing so that prob is 1 for all the particles approaching the 
shock (ie those with 0 <θ < π/2) one gets 

dp(θ) = 2cosθd(cosθ)  
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SW energy gain: another approach 
Next we need to average over cosθ1 

Cloud 
The probability of a collision is ~ to the relative speed 

between the cloud and the particle 
dn/d(cosθ1)=(c-Vcosθ1)/2c,   –1< cosθ1<1 

Then < cosθ1>=-βV/3 and 
ΔE/E1=γ2 (1 –βVcosθ1) – 1=  (1 +βV

2/3)/(1-βV
2) – 1= 

= (4/3)γ2βV
2 ≈ (4/3)βV

2 if βV << 1 

Shock front 
We have again a isotropic distr. but we have to project on a 

plane (the shock front), therefore 
 

dn/d(cosθ1)=2 cosθ1,  -1<cosθ1<0 
Then < cosθ1>=-2/3 and 

ΔE/E1=γ2 [1+(4/3)V – (4/9)V2] – 1= 
= γ2[(4/3) β + (5/9) β 2] ~ (4/3) β if β <<1 

2nd order 

1st order 





Spectrum of accelerated particles 
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upstream downstream 



Spectrum of accelerated particles 
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upstream downstream 



Spectrum of accelerated particles 
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Spectrum of accelerated particles 
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r = ρ2/ρ1=u1/u2 is the shock compression ratio  



Spectrum of accelerated particles 
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- 



Spectrum of accelerated particles 
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Taylor’s expansion of exponent
ln(1 – Pesc) ≈ -Pesc 

ln(1 + k) ≈ k 

r = ρ2/ρ1=u1/u2 



The Diffusion-Convection Equation: A more formal approach 
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The solution is a power 
law in momentum 

The slope depends ONLY 
on the compression ratio 
(not on the diffusion coef.) 
Injection momentum and 
efficiency are free param. 
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n f(r,p,t) is the particle distribution function 
n Number density is n(r,p,t)dp= 4πp2f  



The diffusion approach 
There remains the second type of motion, that of the individual centres relative to the 
background. If this has a systematic component it should obviously be added to the 
background velocity U (the energetic particles cannot see the background directly, they can 
only sense the mean velocity of the scattering centres). The residual random component 
causes each particle to have its momentum changed by a random amount of the order of 
∆p ~ p V / v at each scattering where V is the velocity of a centre. This gives a term that 
describes the momentum (or energy) gain/loss of the distribution 
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The diffusion 
approach 
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Stationary shock means steady state solutions, ∂ƒ/∂t = 0 
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The key here is that a parallel 
shock does nothing locally to 
energetic particles; there is no 

discontinuity in the magnetic field 
and the particles simply continue 

their helical paths across the front. 
Thus the complete momentum 
space distribution function, as 
measured in the shock frame, 
must be continuous across the 

front.  

The spatial distribution of  the 
source term is arbitrary (or 

determined by the 
observations, if  feasible) 



The diffusion approach 
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Quantity in parenthesis is constant. Since must go 
to 0 when z à -∞, it must be zero everywhere 

At the shock front upstream, [D(∂ƒ/∂z)]1 – [uƒ]1 = 0. But u = u1 and ƒ à ƒ0 at 0- and therefore (38) holds 

** 



** Integration at the eshock 
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f  is continous at shock (in [-ε, +ε]) 
du/dz = (u2 – u1) δ(z) 
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The contribution from ∂f/∂z is = 0, as can be seen 
integrating by parts due to the continuity of  f  
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f0 is the distribution at the shock (due to the δ(z)) and represents the 
distribution function of  the accelerated particles 



The diffusion approach 
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The diffusion approach 
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The shock compression ratio r = ρ2/ρ1 = u1/u2 

*** 



*** solution 
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 when p ≠ pinj, the equation is 

Imposing the continuity of  f  at pinj, f(pinj) = q0, we get 
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The diffusion approach 
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The slope tends asimptotically to α = 4 in the limit M à∞ of  an infinitely strong shock front.  
The number density of  particles with energy between E and E + dE is 

n(E)dE = 4π p2 fo(p(E))
dp
dE

dE

For ultrarelativistic particles (UR) p = E and n(E)∝Eα−2

For non relativistic particles (NR) p = (2mE)1/2 and n(E)∝E (1−α )/2

n(E)∝E−2

For strong shocks α = 4 and  

n(E)∝E−3/2

For UR particles 

For NR particles 



The diffusion approach 
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Acceleration time 
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* 

* see eqn. 3.36 



Acceleration time 

Note that the higher is the diffusion, the longer is the acceleration time  



A CRUCIAL ISSUE: the maximum energy of accelerated particles 

1. The maximum energy is determined in general by the balance between the  
   Acceleration time and the shortest between the lifetime of the shock and  
   the loss time of particles 
 
2. For the ISM, the diffusion coefficient derived from propagation is roughly 
 
 
 
 
 
For a typical SNR the maximum energy comes out as FRACTIONS OF GeV !!! 
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Particle Acceleration at Parallel Collisionless Shocks works ONLY if there is  
additional magnetic scattering close to the shock surface that makes the diffusion slow 



Acceleration time 
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Acceleration time 
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D(R)=λ(R)cβ/3 



Acceleration time 
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The physical parameters which are important to discuss CR acceleration by supernova  



Acceleration time 
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Acceleration time 
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Particle confinement and maximum 
achievable energy 
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Particle confinement and maximum 
achievable energy 
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Particle confinement and maximum 
achievable energy 
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Particle confinement and maximum 
achievable energy 
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Age limit 
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Another source of  limitation for the acceleration of  cosmic-rays might come from 
the "age" of  the source (in other word the amount of  time during which the source 
has been active). This criterion  



Age Limit 
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NB: typo Rc = Rs, Vsc = Vs 
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Toy model of the time evolution of a SNR 
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Toy model of the time evolution of a SNR 
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~t 

~t2/5 

~t-3/5 

const 



Free expansion phase 
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constant 



Sedov-Taylor phase 
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Sedov-Taylor phase 
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Non trivial issues 
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As non linear theories of  CR acceleration 



Non trivial issues 
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Energy losses 
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Energy losses 
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For a given 



Adiabatic losses 
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Adiabatic losses 
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Adiabatic losses 
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s 



Energy losses of electrons 
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Synchrotron losses 
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Synchrotron losses 
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For the energy loss time of  the electrons by synchrotron losses, we get the following scaling law  



Synchrotron losses 
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Synchrotron losses 
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Synchrotron losses 
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Synchrotron losses 
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Inverse Compton Losses 
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Inverse Compton Losses 
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Inverse Compton Losses 
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In the case of  protons and nuclei the ICS process is totally negligible.  



Energy losses of protons and nuclei 
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Energy losses of protons 
and nuclei 

79 

Inelastic pp cross section 



Energy losses of protons and nuclei 
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Spectrum of  photons, electrons, neutrinos 
(electronic and muonic) produced by the 

interaction of  protons distributed as a power 
law spectrum n(E) ~E-2 with an exponential 

cut-off  above 1014 eV (100 TeV).  



Energy losses of protons and nuclei 

81 



Leptonic/hadronicγemission 
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Leptonic/hadronicγemission: 
RX J0852.0-4622 (Vela-Jr) SNR 
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Leptonic/hadronicγemission: 
RX J0852.0-4622 (Vela-Jr) SNR 
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leptonic hadronic 
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Leptonic/hadronicγemission: 
RX J0852.0-4622 (Vela-Jr) SNR 



The Tycho SNR 
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The Tycho SNR is very well known, it corresponds to 
the remnant of  the Tycho supernova which could be 

observed with the naked eyes in the years 1572.  

X-ray image of  Chandra satellite 



The Tycho SNR 
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The emission spectrum is 



The Tycho SNR 
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The best fit of  the multiwavelength data are obtained with models assuming a dominant contribution of  
hadronic processes. the spectral index found for the accelerated protons is p ' 2.3 which is, as it should be (at 
least assuming acceleration by DSA), the same as the one of  the electrons constrained by radio and X-ray 
data. 
Leptonic models on the other hand give a much worse agreement with the data even tough the model 
displayed allowed for a significant decrease of  the assumed magnetic field (with respect to the favored value 
of  B ⇠ 215 μG)  

Leptonic model  Hadronic model  

Tycho SNR thus represent a case where we have very strong evidence of  the acceleration of  
cosmic- rays in a SNR. Let us note however that no photon signal is observed above a few 10 TeV 
which means again that there is no signature of  the acceleration of  cosmic-rays above a few 1014 

eV in this SNR  



The RX J1713.7-3946 SNR  

89 



90 



91 

 Spettro energetico RX J1713.7-3946 
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SNRs and galactic cosmic rays 
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SNRs and galactic cosmic rays 
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SNRs and galactic cosmic rays 
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SNRs and galactic cosmic rays 
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We must conclude that the nature of  the main source 
of  Galactic cosmic-rays is currently unclear. Although 

SNR still remain the most popular candidate, some 
authors have argued that scenarios involving super 

bubbles could solve most of  the caveats encountered 
with the SNR scenario 15 but observational signatures 

are still needed to lend further weight to this possibility.  



Molecular clouds as diagnostic tool for the 
spectrum of ecaping CR 
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DETECTION OF THE PION-
DECAY CUTOFF IN 
SUPERNOVA REMNANTS 

n Dermer 1986 

Egamma 

dN
 /

 d
E

 

n 67.5 MeV 

97 



Top SNR Candidates: IC 443 & W44 
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n Counts map in 0.1 deg x 0.1 deg pixels, 60 MeV – 2 GeV 
n Diamonds indicate previously undetected sources 

n Crosses and diamonds indicate sources with normalization free in the fit 

Both SNRs interacting with clouds, ages of  ~104 years,  

Ackermann et al. 2013, Science, 339, 807 



Gamma-ray Spectrum IC 443 
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n Ackermann et al. 2013, Science, 339, 807 

n Color (Gray) shaded region indicates statistical (systematic) uncertainty < 2 GeV. 
n Systematic uncertainty associated with Galactic diffuse modeling was estimated by using several 

alternative diffuse models based on GALPROP. 



Gamma-ray Spectrum W44 
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n Ackermann et al. 2013, Science, 339, 807 

n Color (Gray) shaded region indicates statistical (systematic) uncertainty < 2 GeV. 
n Systematic uncertainty associated with Galactic diffuse modeling was estimated by using several 

alternative diffuse models based on GALPROP. 



Gamma-ray and Inferred Proton Spectra 
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Assume average gas densities of  20 cm-3 (IC 443) and n = 100 cm-3 (W44) and distances of  
1.5 kpc (IC 443) and 2.9 kpc (W44), factor 1.85 enhancement from heavier nuclei. Inferred 

CR acceleration efficiencies of  1-10% (protons with p > 0.8 GeV c-1).  

n Ackermann et al. 2013, Science, 339, 807 



The knee of the CR spectrum 
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The knee of the CR spectrum 
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*The diffusion coeff  may vary if  the magnetic field power spectrum changes  

* 
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