Lecture 6 241018

Il pdt delle lezioni puo’ essere scaricato da

http:/ /www.fisgeo.unipg.it/ ~tiandrin/didattica_fisica/
cosmic_rays1819/
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Motion in magnetic fields
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Motion in magnetic tields
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Motion in magnetic fields
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Motion in magnetic fields
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Motion in magnetic fields
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Motion 1n B fields: classical approach

Guiding center decomposition:
Parallel and normal components to the field line: V=V +V, and
V,, is decomposed in a drift and a gyration with Larmor radius p=P /Bq and frequency
0=qB/m = V=V +V, +wxp =V, + wxp
The motion 1s then described by a traslation of a point, the Guiding Center, plus a

gyration around GC normal to B

Parallel and normal components are decoupled

If dB/Bdt<<w/2m
JRRTLTD B vn=VSina
A vp=Vcosa
The “Pitch” Angle




Motion 1n B fields: classical approach

As a consequence of the decoupling, the motion can be

decomposed in 3 quasi-periodic components:

» gyration around the field line

* bouncing between the mirror points along the field line

» drifting normal to the field line and to the field gradient
B

4

Vg

Gyro Motion Bounce Motion Drift Motion



A more powerful approach: adiabatic invariants in B
fields (1)

Guiding center equations are an enormous improvement wrt the Lorenz
equation but drift and mirroring equations do not allow long-range
predictions of particle location, if no axial simmetry is present

What is missing? The “constants of motion”,
analogous to the conservation of E, P, and angular
momentum

Fortunately,in mechanical systems undergoing to periodic motion in which
the force changes slightly over a period, approximate constants do

exist=» the adiabatic invariants



A more powerful approach: adiabatic invariants in B fields

The classical Hamilton-Jacobi

theory defines adiabatic invariants J ; = fpldql

for periodic motion: the action-

angle variables With p, and q; action angle variables canonically

conjugated and the integral is taken over a full
period of motion

dJ/dt~0 provided that changes in the variables occur
slowly compared to the relevant periods of the system and
the rate of change 1s constant

Because there are 3 periodic motions, 3 adiabatic invariants can be defined

For a charged particle in a magnetic field, the conjugate momentum
i1s P=p + qA , with A vector potential of magn field

Simple example—> Mechanical pendulus: if the lenght increases only
weakly during one swing, then Energy x Period, E°T, is a quasi-constant
of motion, 1.e. an adiabatic invariant



I st invariant: gyromotion

The so-called first adiabatic invariant is obtained by integrating P from
equation (4.10) around the gyration orbit, where dl is an element of the

particle path around the orbit.

= jglp + gA]-dl

=p;-2wp+q§A-dl A
Pl . B
= p. 2= + qdV x A-dS (4.11)
Bg J
where dS is an element of the area enclosed by the path. Therefore,
7, 2”‘” g qng ds <'>
27rp i pn C“
= — gBmp?
Bq
2mp> D Wp2
— pl = Y pl = ] (4.12)

Bqg Bq qB
The second term in (4.12) is negative because dS as defined by the particle

orbit points in the opposite direction to B.



I st invariant: gyromotion
dJ, _nd|p, d(p,)_(dp. P, 9B
dt=th(B) E(BJ=(Bdt_Bz ar]

B d p,f_ dp,f_laB
p.dt B ot

p, dt
Let |B| vary in time uniformly. Because B varies in time, there an induction field such that

Moltiplico per B/p?

][v X E-dS = .45} dl = _ci_— d§ = —~ [/C:— (4.14)
The energy change in one revolution or in one gyroperiod 7, is therefore
AW = -—qgﬁh"-dl - Wr’%ff (4.15)

The fundamental assumption 1s that dB/dt does not vary over a ‘ayroperiod, dB/dt~cost per t < T,
] IL rnce

T,= 2n/w=2mm,y/qB

2
=( p; )GB (4.16)




I st invariant: gyromotion

e -

Also,
dw  d ) <
—_— = —{Ymac’)y = m (_“'-—'- 4].7
= d[(}’ 0c”) g (4.17)
where
d d 2. T2 y=E,/ m,c*
- [1 e __A_U’u. ] = [p,2+(mc2)?]"2/ m_c2 =
dr dt m 5c;~ = [(p, /m_c2)>+1]1/2
. dp?
el G (4.18)
2mycty di
Equate (4.16) and (4.17) using (4.18) for dy/d¢ to obtain
13B _ 1 dp]
Boat pi dt
Therefore Bd(p,\_(dp, 19B 0
p>dt\ B) \pdt B ot
2
and L _ constant (4.19)
B

and it follows that u = p’ [2my B is also constant.



Adiabatic invariants in B fields: 1st invariant

If B field varies only weakly in 1 gyroradius, i.e. dB/Bdt<<w/ /27, or
Bdp/dB<<p, then

~const. or | = Jl/p = sinza/B ~ CONSL.

*When a=90°, mirroring occurs,

and B_=B/sin*a defines the mirror field value
which 1s the same at all the mirror points along the
particle trajectory, 1.e. particle reflection occurs

always at B_ =constant.
FuxTube 02 a1 ,,,,,, Ao At magn equator, o 1S minimum and

f- ““ eq .
. 5 F?rapped Partice 5 sin’aL, =B / B,

frajectory

\ Mirror Point Slnza_B/ B
(Pitch angle =90)
\Rany field value—2>a depends only on the field

e 277 By, is an adiabatic invariant because

RS oA P identical to an adiabatic invariant and
Magnetic Conjugate Point \ hl \W”;Kj" ) . .
: because B, 18 a constant a,,, 1s an

adiabatic invariant too




Adiabatic invariants in B fields: 2nd invariant

Bouncing% J y = ¢ ( ﬁ + qA) -ds with ds element of path along the field line

If B field varies weakly on a scale comparable with the distance traveled along the field by the
particle during onc gyration >V B/B<<®,/27v,  then Jy~const.

-

The 2nd term gives jqu. ds = g JV X A-dS
=g J"B - dS
= ( (4.30)

since the integration path along the field line encloses a negligible area
and no magnetic flux.
Therefore

Sy = (;«;p -ds = (_}'«:p cos ¢ ds = .){;pf! ds = constant (4.31)

Da dimostrare..



Adiabatic invariants in B fields: 2nd invariant

J, does not depend on particle properties but only on field structure, because

cosa=(1-sin2a.)2= [1-B(s)/B, ]2
JZ

J, =pf\/1—B(s)/Bmds — 1, =— = cons¢

2p

The primary use of I, 1s to find surfaces
.=l ‘mapped out during bouncing and drifting. A
: particle initially on curve 1, with a given I,
will drift on curve 2 (with the same I) and
return to 1, mirroring at B in both the
hemispheres throughout the drifting.
At each longitude there is ONLY one curve
—or field line segment- having the required
value of I. The particle will follow a
trajectory made of field line segments

such that I is constant.

Iy

oo, =1




Adiabatic invariants in B fields: 3rd invariant

Driftin g S J3 — f (‘5 + q A). d lD with dlD element along the long drift path
If B field varies only weakly in the area encircled by particle during the gyration
or drift motion 1.e. VBn/B << mL/ZTWn or VBn/B << mL/ZTWD

then J 3~const.
J.= §(qA+p)-dlo = fqA-dlp = [(Vx A)-dS = [B-dS = q® ~ const

The 3rd invariant is prop to magnetic flux @ enclosed by drift path

Important to describe drifts paths during slow changes of B.

In slowly changing fields 1st and 2nd invariant are conserved
but E can change, e.g. due to slow compression/expansion of field
or secular variations of the field.

Conservation of @ requires particles to move inward/outward
reversibly on the orbit during changes.

Rapid changes, i.e. dB/dt>>Bwy,, will cause permanent changes in
® and therefore in particle orbits, e.g. solar storms, CME,...



Motion periods: gyration

The periods of three components are characteristic with a precise hierarchy: T, <<t <<t at the
approximation of guiding center and of adiabatic invariant approach.
Gyration motion: an istantaneous circular motion normal to the field line.

The frequency of the motion is given by the Larmor frequency Ty =21t/w= 21T m/ qB with a
Larmor radius pzpn/ qB=psino/gB.

For relativistic particles Ty = 27 m_Y /qB and y=E/ m002 - T = 2nE / qBC2
Typical ranges are 103 — 10 sec (i.e. kHz - Mhz freq. range)






Motion periods: bouncing

Bouncing motion: between the mirror points S, S where 0=90°. The period is given by

5 [ ds 2t ds
‘L'b — ZJ ——— e “—

sa UY(8) v Js cos a(s)

] , ||f[1 - B(S)} ' ,“3[1 - B(S)
o N B, LN B,

For a dipole field

Ty = 0.117(53)—1—[1 — 0.4635(sin @, )*] s
Re/ B

It depends only on R, the equatorial distance of the
field line from the dipole center and on the particle

speed P. There is only a weak dependence on the pitch
angle




Motion periods: drift

The drift period is given the average drift speed over a bounce period <d®/dt>=Ad/t, as
Tp =20/ <dP/dt>.
In a dipole, after a numerical integration, the drift period is given by
2 -
T = 2ﬁqB°_RE : [1 — 0.3333(sin ateq)"%] (4.46)
mv* R
This approximation can be simplified by collecting all constant factors to
give

' 2 |
"L'd = Cd " ( E) 1 [1 —an 03333(51[] L}.’cq)o'bz] (4.47)
Ro/ vB°
where
Cy = 1.557 x 10* s for electrons
and

Cyq = 8.481 s for protons

vB*=(E/m_c?)[E?-(m_c?) 2)/E*= E/m_c? - m_c*/E-> for relativistic particles the period
scales as 1/E
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Figure B.3. Bounce (1,) and drift (74) periods of equatorially trapped protons



Adiabatic invariants 1in B fields: coordinates

Any reference system based on geocentric coordinates does not allow
insights into the relationships between the particle distributions at

different locations due to lack of simmetry in the irregular geomagnetic
field

What 1s needed is a coord system based
on trapped particle motion which will
have naturally 1dentical values for
equivalent magnetic positions

Adiabatic invariants provide
such a coordinates system

To conserve invariants particles will /H
move following segments of field lines \
such that B (or a,), L, ® are conserved o

Ly




Adiabatic invariants in B fields:drift shells (1)

The ensemble of field lines segments of constant invariants forms the surface
mapped out by the guiding center of a particle during its motion:

the drift shell

H,,;, not const due to
irregularities in earth’ s
B field

Mirror Points H (km)

Longitude (deg)

All the particles with the same invariants map out the same
drift shell, i.e. are equivalent from magnetic point of view




Adiabatic invariants in B fields:drift shells (2)

Adiabatic Invariants are difficult to visualize and interpret
in a simple way, due to their complicate definition what is needed is to
build more easily readable coords derived from Al:
u=>» B, or a,,, because are very easy to interpret and are still Al
~all the particles with same B, and a.,,, will mirror at same location

For I, a dipole analogy: in a dipole field, all particles with same Al will cross magn. equator at

same distance R, from dipole axis, i.e. particles will remain on field lines having the same RO

> 4 ROZfD(IDaBDaMD) with fD known function of dipole Al of the particle and magn
moment of dipole

Contours of constant I,

XN @«

i For real earth’ s field a new variable is defined

AL | based on dipole f},: by definition the equivalent
ffff Io equatorial radius, L, called Mclllwain
120 e parameter, is given by LRy=f;,(I,B,Mg)

Particles will follow paths such that L=const.
NOTE: L=const. does not imply R const.!!!

Iy

.
e, =
RLTTTT



Motion in Earth’ s Magnetic Field

Basic Components of Particle Motion: bounce, gyraﬁon and drift

Flux Tube

\ﬁﬁzpped Particle “DQP 4

oy Trajectory
e .A:::_ \ Mirror Point _)
} (Pitch angle =90)
Electron

Proton ¥ ‘D rift agneno Field (/'\"
Drift S
Magnetic Conjugate Point w*,v}f‘

3 quasi-periodic motion comp. Adiab. Invariants
» Gyration with Larmor freq. <—> B, ora,

»Bouncing betw. mirror points <——> Shell Par. L
» East-West drift <—> Mag. Flux &

Particles with the same adiabatic invariants (L,a ) or (L,B, ) have same
motion in the Earth’ s field



Adiabatic invariants in B fields:validity

Adiabatic approach is an approximate description and validity requires small changes

during relevant motion periods

Validity of Al requires time scale for gyration,bouncing and drifting to be well
separated by a smallness parameter 1/e(p)=1/(p¢,/R,,)>>1 with p and R Larmor and
field line curvature at equ and momentum p.

Z/Re

¥ /Ra
If e > ¢ .., motion becomes
chaotic and Al are not

conserved, like in penumbra

regions

y (Barth radit)

- Y/Re pmax

This leads to a limit
in P for Al description

& smallness

In a dipole field can
be shown (Shultz,1974)

Valid Al

~10/I2(£<0.1-02)

~3

L e . - el

? i L
= :I'
AMS proton
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Motion frequencies |

I I I | B St |

p/q= 118 GV

z

m%_ﬂu,w—/z

>>

1

« B 9(70"9'") - 0.03 + 30H,

>>

%

_E-FL
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The Radiation Belts (1)

The radiation belts are formed by all the drift shells envelopped

from down to atmosphere limit where

20R

Last closed path

MAGNE roplusc NS

¥yt

;e Atmospheric shell

L=1.05 R¢
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