Lecture 11 141116

Il pdt delle lezioni puo’ essere scaricato da

http:/ /www.fisgeo.unipg.it/ ~tiandrin/didattica_ fisica/
cosmic_rays1617/



Connection with thermodynamics:
Ideal Gas Law

Isotropic gas of point particles in
Thermodynamic Equilibrium:
1,2 __1 -9 _ 12 __1_ "9 _ 1
50y = 50, = 3M0; = 5 M0 5 kv T
Temperature is defined in terms of kinetic

energy of the thermal motions!
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and number-density n:
(p = nnm = Man , R:kb/mH)

Connection with thermodynamics:
Ideal Gas Law

Isotropic gas of point particles in Thermodynamic
Equilibrium:

w2 — 12 1,22 _1,.,.2 __ 1
sM0y; = 3mo, = 5mo; = z mo* =5 kT
Ideal Gas Law: in p = lpgz
terms of temperature T 3

\4

P(p, T) = nkyT = ”Rf
3
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Digressione: fluidi viscosi
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Density Changes and Mass Conservation

fime t 0
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fime 11

Two-dimensional example:

A fluid filament is deformed
and stretched by the flow;

Its area changes, but the
mass contained in the
filament can NOT change



Density Changes and Mass Conservation

Two-dimensional example:

A fluid filament is deformed
and stretched by the flow;

Its area changes, but the
timet, mass contained in the
filament can NOT change

time 1, S_O the mass den

s change in res
X the flow!
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Mass conservation law

The mass cannot be created nor destroyed (in non-relativistic classical dynamics)

Therefore in a volume V the mass can change only because some of it
leaves or enters the volume

R - Convention:
The amount of mass through dA per time unitis dF' = pv - dA dF>0 if
outgoing
dM .
The flux (“ out = /Spfu . dA
——p
n
The outgoing flux must be balanced by  9My _(_)
the change of mass in the volume ot out
oMy _ 5, .
(/pdV) _/ :_/ 7 - :—/v- 7)dV
5 875( V,odV) P dA . (p?)
39 ,
% —V - (p?) ‘|’ V. (p¥) =0
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Thermodynamics

AW =mgAh

AU, =AQ-AW

displacement = AQ —mgAh
Ah |
————————— - - AQ - PA Ah
Force balance:
mg =PxA
= AQ-P AV
8
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First law of thermodynamics:

Change in internal energy

isplacement

________ !

heat added by external sources

work done by gas
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Entropy:

A measure of
‘disorder’

Second
Thermodynamic law:

dQ = TdS
dsS > 0

dS
— >0 .
dt — For an isolated system
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The Adiabatic Gas Law: the behaviour of pressure

Thermodynamics: dQQ =TdS=dU + PdVY

Special case: adiabatic change d@Q =TdS =0

U = internal energy, T = temperature, S = entropy
and V = volume

11
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The Adiabatic Gas Law: the behaviour of pressure

Thermodynamics: dQQ =TdS=dU + PdVY

Special case: adiabatic change d@Q =TdS =0

Gas of point particles of mass m :

Internal energy: U =nV x [%m (0923 + 07+ ag)] =3 pVo?

1 1 3
Pressure: P = 3inm (02 +o0Z+ 02) sPO0
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Thermal equilibrium:
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Thermal equilibrium:

Adiabatic change: l

dU + PdY =0 - d (3P§f") (pRT) ay =0
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Adiabatic Gas Law: a polytropic relation

Thermal equilibrium:  mo?2 = Smo?2 = smo? = : mo? = 5 kT

. 2"y T2 6
| pRT oRTV
P — T, U = %
Adiabatic change: 12 l Lt
dU+PdY =0 . d (3PRTV) N (pRT) P
2,& )
Chain rule for ‘d" -operator: I
d(f g)=(df) g+ f (dg) — SPAV+VAP=0.
(just like differentiationl) .,
S
——I-gv =d10g(PV5/3) =0
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Adiabatic Gas Law: a polytropic relation

Adiabatic pressure change:

P x V%3 = constant

— P p_5/ 3 = constant

For small volume:
mass conservationl!

M = pV = constant

16
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Specific Heat and Entropy

Specific v = 1

contains unit mass — ;

Thermodynamics dg=Tds=de+ Pd (1)
of unit mass: P

E. Fiandrini Cosmic Rays 1617

17



Specific Heat and Entropy

Specific Volume v
contains unit mass

Thermodynamics dg =
of a unit mass:

Specific energy € _sRL_skl  ,_ pRT
and pressure P : T2, T -

L
Specific heat coeff. de
at constant volume &= a7

p is kept constant!
d(1/p) =0

E. Fiandrini Cosmic Rays 1617

18



Specific Heat and Entropy

Specific Volume Vv = 1
contains unit mass — ;
: 1
Thermodynamics dg=Tds=de+ Pd (_)
of a unit mass: 0
Specific energy e RT LT RT
_ 3 _ 3 P
- =8 &% = pr—
and pressure P : € =35 5 2 i
Specific heat coeff. de 4 kb
at constant volume “TaT T2, \ =
Cp— Cy = — = —
p p
Specific heat coeff. at ¢y = Oe + P/p) 5 ky
cGanstant.pressure: dP =0 oT m 19




M p
T
= chT—(R) dp
PH
- [
T Cy p

Thermodynamic law for a unit mass,
rewritten in terms of specific heat coefficients

20
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dg = ¢ dT + (pRT) 1 (1) Definition specific entropy s
g j dT dp
T Tds=c¢,T | = —|(y—=1)|—
P
T
T = A
v P s = ¢, log (—) + constant

pr

s = ¢y log (P p~") + constant

v is The specific heat ratio
= 5/3 for ideal gas of point particles
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g = e dT + (p’RT) q (1) Definition specific entropy s
g : dT dp
T Tds=c¢,T | = —|(v—D|—
:chT_(R) dp [T p]
PH
1
A
‘v P s = ¢, log (—) + constant

pr

logT — (v — 1) log p = constant s=c, log (P p—y) 1 constant

with

Case of constant entropy
(adiabatic gas) : ds=0

Wl Ot

2
Il
LS

—(v—1 —
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(Self-)gravity
fu=pg=—pVa £

glx,t) = —-Vo(x,t)=— oe

0P
\ 9z /

%‘;-I-(V V)V|=-VP—-pVd
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Self-gravity and Poisson’ s equation

Potential: two _
contributions! <I>(:13 ’t) o (DeXt(w ’t) + q)self(w ,t)

Poisson equation for the
potential associated
with self-gravity:

Vi0ui(x , t) = 47G p(x , 1)

Accretion flow around
Massive Black Hole 24



Self-gravity and Poisson’ s equation

Potential: two _
contributions! <I>(:13 ’t) o (DeXt(w ’t) + q)self(w ,t)

Poisson equation for
Potential associated
with self-gravity:

V®gi(x , t) = 47G p(x , t)

o oo
ox2  0Oy?2 022

Laplace operator

V20 =

25



Summary: Equations describing ideal
(self-)gravitating fluid

Equation of Motion: [88—‘15/ +(V-V)V|=-VP—-pVd
Continuity Equation: Op

behavior of mass-density a9 T V.pV)=0
Ideal gas law P(p T) = nk,T = pPRT
& ’ v
Adiabatic law:

Behavior of pressure & p_5/ 3 = constant

and temperature

Poisson’ s equation: self-gravity V20 (e, t) = 47G p(x , t)
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Conservative Form of the Equations

Aim: To cast all equations in the same generic form:

5 density of flux of that external sources
ot TV =

quantity quantity per unit volume
Reasons:

1. Allows quick identification of conserved quantities

2. This form works best in constructing numerical
codes for Computational Fluid Dynamics

3. Shock waves are best studuied form a conservative
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. 5 density of flux of that external sources
Generic Form: ¢ i v —
quantity quantity per unit volume
I |
Transported quantity is 2 4+V.F=gz,t
a scalar S, so flux F must Ot

be a vector!

\4

05 . (8F OF, 6F )
ot dr = Oy 82 1

Component form:

28
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density of flux of that external sources

0

Generic Form: ¢ i v —
quantity quantity per unit volume
. . aM
Transported quantity is a VT =Qx, )
vector M , so the flux must ot
be a tensor T . M\ (9T, 0T 9Ta) (0,
oz 0y 0z
0 ol,, OJI, oT,
Component form: o | M |t axy T 3;y T azy = | @
0T, T, Ol

M) 5z "oy T oz \ &z )

The fact the the flux of a vector field is a rank 2 tensor can be understood as
follows: the transported quantity is a vector with 3 arbitrary components, each
of them can be transported in 3 indipendent directions - so there are 3x3
indipendent quantitites...exactly the nbr of components of a rank 2 tensor

29
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Integral properties: Stokes Theorem

5 density of flux of that external sources
" +V . =
quantity quantity per unit volume
Let integrate the equation over a / U.FdV — / F - ndO
volume V and use the Stokes theorem JV S

O Volume AV

2 (v9)= favate, 1) f,40- P

The integral relation states the
amount of quantity S in a volume can
change only due to sources in V or
by a flux of S into or out from V

—3
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Examples: mass and momentum conservation

Mass conservation: already in conservation form!

Continuity Equation: Op . .
transport of the scalar p Ot +V - (pV)=0

Excludes ‘external mass sources’ due to
processes like two-photon pair production eftc.

31
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Examples: mass- and momentum conservation

Mass conservation: already in conservation form!

Continuity Equation: Op . .
transport of the scalar p Ot +V - (pV)=0

Momentum conservation: transport of a vector!

P %—‘Z—F(V-V)V:—VP—,OVCD |

Algebraic Manipulation

1

V) G (pWWRV+PI)=—pV
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P

As advertised: Algebraic Manipulationl

%—‘;+(V~V)V —_VP—)pVd

Starting point: Equation of Motion
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As advertised: Algebraic Manipulationl

oV dp B
p [WJr(V-V)V — _VP- )V LV (pV) =0

;

(9V_8(pV)_ @

‘ o = ot Y o

o(pV
= %OV v (v (o)
Use:

1. chain rule for differentiation
2. continuity equation for density

34
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As advertised: Algebraic Manipulationl

oV dp B
v
ov. 0(pV) @
‘ "o = o Yl
d(pV
= %OV v (v (o)
(pV)

+HV - (pV))V4p(V - V)V = —VP—pVd

ot

35
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As advertised: Algebraic Manipulationl

P %—‘;Jr(VoV)V — _VP-pVd

AV (pV)Vap(V - V)V = —VP—pV

I ‘(V-(pV))V+p(V°V)V=V-(pV®V)

Use divergence chain rule for dyadic tensors

36
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As advertised: Algebraic Manipulationl

P %—‘;Jr(V.V)V — _VP-pVd
6(g:/)+ (V- (pV))V4p(V - V)V|= @pwb

I (V- (V) V+p(V-V)V=V- (¥ RV)

(VP=V-(PI) |

e FanaRE@WRIT e Prgssure gradient as a divergence 37



As advertised: Algebraic Manipulationl

P aa—‘t/—l—(V-V)V — VP - pVd
a(g:/)+ (V- (pV))V4p(V - V)V]| = @pwb
I (V- (V) V+p(V-V)V =V (pVQV)
‘VP —V.(PI |_
d(pV)

+V-:-(pVQV+PI)=—pVd

38
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As advertised: Algebraic Manipulationl

p %—‘;-I—(V-V)V =—-VP—-pVd

I(pV)
ot

HV - (pV)V+p(V - V)V = —VP—pV

: S’rr'ess-’rensor Momentum source:
Momentum density = gravity

‘ momentum flux ‘
|
OpV)

—BT-FV' (pV@V—I—PI):—pV(I)

The tensor R, = pV.V, +pJd,, is the Reynolds stress tensor for
ideal fluid and represents the momentum flux 39
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