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Minimizzazione di una funzione

Il problema è contettualmente molto semplice: trovare il minimo (o 
il massimo, fà -f) di una funzione in un certo intervallo
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Figure 10.0.1. Extrema of a function in an interval. Points A, C, and E are local, but not global
maxima. Points B and F are local, but not global minima. The global maximum occurs at G, which
is on the boundary of the interval so that the derivative of the function need not vanish there. The
global minimum is at D. At point E, derivatives higher than the first vanish, a situation which can
cause difficulty for some algorithms. The points X , Y , and Z are said to “bracket” the minimum F ,
since Y is less than both X and Z.

One other section, §10.9, also lies outside of our main thrust, but for a different
reason: so-called “annealing methods” are relatively new, so we do not yet know
where they will ultimately fit into the scheme of things. However, these methods
have solved some problems previously thought to be practically insoluble; they
address directly the problem of finding global extrema in the presence of large
numbers of undesired local extrema.

The other sections in this chapter constitute a selection of the best established
algorithms in unconstrained minimization. (For definiteness, we will henceforth
regard the optimization problem as that of minimization.) These sections are
connected, with later ones depending on earlier ones. If you are just looking for
the one “perfect” algorithm to solve your particular application, you may feel that
we are telling you more than you want to know. Unfortunately, there is no perfect
optimization algorithm. This is a case where we strongly urge you to try more than
one method in comparative fashion. Your initial choice of method can be based
on the following considerations:

• You must choose between methods that need only evaluations of the
function to be minimized and methods that also require evaluations of the
derivative of that function. In the multidimensional case, this derivative
is the gradient, a vector quantity. Algorithms using the derivative are
somewhat more powerful than those using only the function, but not
always enough so as to compensate for the additional calculations of
derivatives. We can easily construct examples favoring one approach or
favoring the other. However, if you can compute derivatives, be prepared
to try using them.

• For one-dimensional minimization (minimize a function of one variable)
without calculation of the derivative, bracket the minimum as described in
§10.1, and then use Brent’s method as described in §10.2. If your function
has a discontinuous second (or lower) derivative, then the parabolic

f(x)



Minimizzazione di una funzione
• A, C ed E sono massimi locali
• B e F sono minimi locali
• D è un minimo globale
• G è un massimo globale (essendo

sul bordo non è detto che
f'(x2)=0)

• I punti X, Y e Z "identificano" un 
minimo (dato che fY<fX e fY<fZ) 
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Figure 10.0.1. Extrema of a function in an interval. Points A, C, and E are local, but not global
maxima. Points B and F are local, but not global minima. The global maximum occurs at G, which
is on the boundary of the interval so that the derivative of the function need not vanish there. The
global minimum is at D. At point E, derivatives higher than the first vanish, a situation which can
cause difficulty for some algorithms. The points X , Y , and Z are said to “bracket” the minimum F ,
since Y is less than both X and Z.

One other section, §10.9, also lies outside of our main thrust, but for a different
reason: so-called “annealing methods” are relatively new, so we do not yet know
where they will ultimately fit into the scheme of things. However, these methods
have solved some problems previously thought to be practically insoluble; they
address directly the problem of finding global extrema in the presence of large
numbers of undesired local extrema.

The other sections in this chapter constitute a selection of the best established
algorithms in unconstrained minimization. (For definiteness, we will henceforth
regard the optimization problem as that of minimization.) These sections are
connected, with later ones depending on earlier ones. If you are just looking for
the one “perfect” algorithm to solve your particular application, you may feel that
we are telling you more than you want to know. Unfortunately, there is no perfect
optimization algorithm. This is a case where we strongly urge you to try more than
one method in comparative fashion. Your initial choice of method can be based
on the following considerations:

• You must choose between methods that need only evaluations of the
function to be minimized and methods that also require evaluations of the
derivative of that function. In the multidimensional case, this derivative
is the gradient, a vector quantity. Algorithms using the derivative are
somewhat more powerful than those using only the function, but not
always enough so as to compensate for the additional calculations of
derivatives. We can easily construct examples favoring one approach or
favoring the other. However, if you can compute derivatives, be prepared
to try using them.

• For one-dimensional minimization (minimize a function of one variable)
without calculation of the derivative, bracket the minimum as described in
§10.1, and then use Brent’s method as described in §10.2. If your function
has a discontinuous second (or lower) derivative, then the parabolic

f(x)

• Tipicamente siamo interessati ai minimi globali
• Esempi di funzioni da minimizzare

– energia potenziale in funzione di posizione, rotazione, etc…
– principi variazionali
– χ2 tra dei punti sperimentali e una funzione di fit
– …

• Un algoritmo efficiente deve trovare il minimo utilizzando il numero minore di 
valutazioni di f(x) possibile



Minimizzazione di una funzione
f(x)

Concettualmente è "molto semplice":
si scansiona [x1, x2] alla ricerca di un xm tale che f(xm) ≤ f(x) ∀ x in [x1, x2]

Il problema, esattamente come per l'integrazione o la risoluzione di ODE, è fare la 
scansione:
• con il minimo numero di step necessario (che precisione si può/vuole ottenere?)
• con il minor numero di valutazioni di f(x) possibile

à va scelta una strategia per la selezione degli intervalli da scansionare
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Figure 10.1.1. Successive bracketing of a minimum. The minimum is originally bracketed by points
1,3,2. The function is evaluated at 4, which replaces 2; then at 5, which replaces 1; then at 6, which
replaces 4. The rule at each stage is to keep a center point that is lower than the two outside points. After
the steps shown, the minimum is bracketed by points 5,3,6.

contrariwise, if f(b) > f(x), then the new bracketing triplet is (b, x, c). In all cases
the middle point of the new triplet is the abscissa whose ordinate is the best minimum
achieved so far; see Figure 10.1.1. We continue the process of bracketing until the
distance between the two outer points of the triplet is tolerably small.

How small is “tolerably” small? For a minimum located at a value b, you
might naively think that you will be able to bracket it in as small a range as
(1 � ✏)b < b < (1 + ✏)b, where ✏ is your computer’s floating-point precision, a
number like 3⇥ 10�8 (for float) or 10�15 (for double). Not so! In general, the
shape of your function f(x) near b will be given by Taylor’s theorem

f(x) ⇡ f(b) +
1

2
f 00(b)(x� b)2 (10.1.1)

The second term will be negligible compared to the first (that is, will be a factor ✏
smaller and will act just like zero when added to it) whenever

|x� b| <
p

✏|b|

s
2 |f(b)|
b2f 00(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for most functions,
the final square root is a number of order unity. Therefore, as a rule of thumb, it
is hopeless to ask for a bracketing interval of width less than

p
✏ times its central

value, a fractional width of only about 10�4 (single precision) or 3 ⇥ 10�8 (double
precision). Knowing this inescapable fact will save you a lot of useless bisections!

The minimum-finding routines of this chapter will often call for a user-supplied
argument tol, and return with an abscissa whose fractional precision is about±tol
(bracketing interval of fractional size about 2⇥tol). Unless you have a better

x1 x2

m



Minimizzazione di una funzione

Se conosco tre punti, [A,B,C]=[1,2,3] (ma anche [1,2,4], [1,2,5], [1,2,6] o [5,6,3],
[5,4,3], …) tali che:

xA<xC<xB con f(A)>f(C) e f(B)>f(C)

allora ho trovato un minimo (locale, i.e. in [xA, xB])

f(x)
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Figure 10.1.1. Successive bracketing of a minimum. The minimum is originally bracketed by points
1,3,2. The function is evaluated at 4, which replaces 2; then at 5, which replaces 1; then at 6, which
replaces 4. The rule at each stage is to keep a center point that is lower than the two outside points. After
the steps shown, the minimum is bracketed by points 5,3,6.

contrariwise, if f(b) > f(x), then the new bracketing triplet is (b, x, c). In all cases
the middle point of the new triplet is the abscissa whose ordinate is the best minimum
achieved so far; see Figure 10.1.1. We continue the process of bracketing until the
distance between the two outer points of the triplet is tolerably small.

How small is “tolerably” small? For a minimum located at a value b, you
might naively think that you will be able to bracket it in as small a range as
(1 � ✏)b < b < (1 + ✏)b, where ✏ is your computer’s floating-point precision, a
number like 3⇥ 10�8 (for float) or 10�15 (for double). Not so! In general, the
shape of your function f(x) near b will be given by Taylor’s theorem

f(x) ⇡ f(b) +
1

2
f 00(b)(x� b)2 (10.1.1)

The second term will be negligible compared to the first (that is, will be a factor ✏
smaller and will act just like zero when added to it) whenever

|x� b| <
p

✏|b|

s
2 |f(b)|
b2f 00(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for most functions,
the final square root is a number of order unity. Therefore, as a rule of thumb, it
is hopeless to ask for a bracketing interval of width less than

p
✏ times its central

value, a fractional width of only about 10�4 (single precision) or 3 ⇥ 10�8 (double
precision). Knowing this inescapable fact will save you a lot of useless bisections!

The minimum-finding routines of this chapter will often call for a user-supplied
argument tol, and return with an abscissa whose fractional precision is about±tol
(bracketing interval of fractional size about 2⇥tol). Unless you have a better

x1 x2



Parentesi: ricerca della radice di una funzione
Bisezione

Se in [xlow, xhig] esiste una radice e la voglio calcolare

con precisione " suppongo che:

f(xlow) < 0 e f(xhig) > 0

Prendo allora il punto medio

xmed =
1

2
· (xlow + xhig)

e calcolo f(xmed).

f(x)>0 f(x)<0

(o viceversa).



Parentesi: ricerca della radice di una funzione

• Se |xhig � xlow| < " termino il ciclo;

• se f(xmed) e f(xlow) hanno lo stesso segno ;

1. [xmed, xhig] come nuovo intervallo;

2.
1

2
· (xmed + xhig) è il nuovo punto medio;

• Se f(xmed) e f(xhig) hanno lo stesso segno;

1. [xlow, xmed] come nuovo intervallo;

2.
1

2
· (xlow + xmed) è il nuovo punto medio;

• ripeto il ciclo;

La precisione dopo N passi è
1

2N volte l’intervallo inizia-

le.

Bisezione

Se in [xlow, xhig] esiste una radice e la voglio calcolare

con precisione " suppongo che:

f(xlow) < 0 e f(xhig) > 0

Prendo allora il punto medio

xmed =
1

2
· (xlow + xhig)

e calcolo f(xmed).

f(x)>0 f(x)<0



Minimizzazione di una funzione

Se conosco tre punti, [A,B,C] tali che:
xA<xC<xB con f(A)>f(C) e f(B)>f(C)

allora ho trovato un minimo (locale, i.e. in [xA, xB]),

Confronto con la ricerca delle radici di una funzione: 
• nella ricerca della radice di una funzione sono bastati 2 punti per capire quale 

fosse "prima" della radice e quale fosse "dopo".
• nella minimizzazione, invece, servono 3 punti

f(x)
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Figure 10.1.1. Successive bracketing of a minimum. The minimum is originally bracketed by points
1,3,2. The function is evaluated at 4, which replaces 2; then at 5, which replaces 1; then at 6, which
replaces 4. The rule at each stage is to keep a center point that is lower than the two outside points. After
the steps shown, the minimum is bracketed by points 5,3,6.

contrariwise, if f(b) > f(x), then the new bracketing triplet is (b, x, c). In all cases
the middle point of the new triplet is the abscissa whose ordinate is the best minimum
achieved so far; see Figure 10.1.1. We continue the process of bracketing until the
distance between the two outer points of the triplet is tolerably small.

How small is “tolerably” small? For a minimum located at a value b, you
might naively think that you will be able to bracket it in as small a range as
(1 � ✏)b < b < (1 + ✏)b, where ✏ is your computer’s floating-point precision, a
number like 3⇥ 10�8 (for float) or 10�15 (for double). Not so! In general, the
shape of your function f(x) near b will be given by Taylor’s theorem

f(x) ⇡ f(b) +
1

2
f 00(b)(x� b)2 (10.1.1)

The second term will be negligible compared to the first (that is, will be a factor ✏
smaller and will act just like zero when added to it) whenever

|x� b| <
p

✏|b|

s
2 |f(b)|
b2f 00(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for most functions,
the final square root is a number of order unity. Therefore, as a rule of thumb, it
is hopeless to ask for a bracketing interval of width less than

p
✏ times its central

value, a fractional width of only about 10�4 (single precision) or 3 ⇥ 10�8 (double
precision). Knowing this inescapable fact will save you a lot of useless bisections!

The minimum-finding routines of this chapter will often call for a user-supplied
argument tol, and return with an abscissa whose fractional precision is about±tol
(bracketing interval of fractional size about 2⇥tol). Unless you have a better

x1 x2



Minimizzazione di una funzione

Se conosco tre punti, [A,B,C] tali che:
xA<xC<xB con f(A)>f(C) e f(B)>f(C)

allora ho trovato un minimo (locale, i.e. in [xA, xB]),

Se parto da [1,2,3] poi utilizzo 5 e 4, restringendomi a [5,4,3], dal momento che
f(5)>f(3) e f(4)>f(3) (devono essere vere entrambe: 3 punti!).
Poi posso ulteriormente restringermi a [5,6,3], dal momento che
f(5)>f(3) e f(6)>f(3) 

f(x)
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Figure 10.1.1. Successive bracketing of a minimum. The minimum is originally bracketed by points
1,3,2. The function is evaluated at 4, which replaces 2; then at 5, which replaces 1; then at 6, which
replaces 4. The rule at each stage is to keep a center point that is lower than the two outside points. After
the steps shown, the minimum is bracketed by points 5,3,6.

contrariwise, if f(b) > f(x), then the new bracketing triplet is (b, x, c). In all cases
the middle point of the new triplet is the abscissa whose ordinate is the best minimum
achieved so far; see Figure 10.1.1. We continue the process of bracketing until the
distance between the two outer points of the triplet is tolerably small.

How small is “tolerably” small? For a minimum located at a value b, you
might naively think that you will be able to bracket it in as small a range as
(1 � ✏)b < b < (1 + ✏)b, where ✏ is your computer’s floating-point precision, a
number like 3⇥ 10�8 (for float) or 10�15 (for double). Not so! In general, the
shape of your function f(x) near b will be given by Taylor’s theorem

f(x) ⇡ f(b) +
1

2
f 00(b)(x� b)2 (10.1.1)

The second term will be negligible compared to the first (that is, will be a factor ✏
smaller and will act just like zero when added to it) whenever

|x� b| <
p

✏|b|

s
2 |f(b)|
b2f 00(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for most functions,
the final square root is a number of order unity. Therefore, as a rule of thumb, it
is hopeless to ask for a bracketing interval of width less than

p
✏ times its central

value, a fractional width of only about 10�4 (single precision) or 3 ⇥ 10�8 (double
precision). Knowing this inescapable fact will save you a lot of useless bisections!

The minimum-finding routines of this chapter will often call for a user-supplied
argument tol, and return with an abscissa whose fractional precision is about±tol
(bracketing interval of fractional size about 2⇥tol). Unless you have a better

x1 x2



Minimizzazione di una funzione - precisione

Uno potrebbe pensare che il punto di minimo, m, può essere trovato restringendosi
ad un intervallo del tipo

(1-ε)b < b < (1+ε)b

dove ε dipende dalla precisione della propria macchina / del proprio codice (~10-8
per un float e ~ 10-15 per un double).

f(x)
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Figure 10.1.1. Successive bracketing of a minimum. The minimum is originally bracketed by points
1,3,2. The function is evaluated at 4, which replaces 2; then at 5, which replaces 1; then at 6, which
replaces 4. The rule at each stage is to keep a center point that is lower than the two outside points. After
the steps shown, the minimum is bracketed by points 5,3,6.

contrariwise, if f(b) > f(x), then the new bracketing triplet is (b, x, c). In all cases
the middle point of the new triplet is the abscissa whose ordinate is the best minimum
achieved so far; see Figure 10.1.1. We continue the process of bracketing until the
distance between the two outer points of the triplet is tolerably small.

How small is “tolerably” small? For a minimum located at a value b, you
might naively think that you will be able to bracket it in as small a range as
(1 � ✏)b < b < (1 + ✏)b, where ✏ is your computer’s floating-point precision, a
number like 3⇥ 10�8 (for float) or 10�15 (for double). Not so! In general, the
shape of your function f(x) near b will be given by Taylor’s theorem

f(x) ⇡ f(b) +
1

2
f 00(b)(x� b)2 (10.1.1)

The second term will be negligible compared to the first (that is, will be a factor ✏
smaller and will act just like zero when added to it) whenever

|x� b| <
p

✏|b|

s
2 |f(b)|
b2f 00(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for most functions,
the final square root is a number of order unity. Therefore, as a rule of thumb, it
is hopeless to ask for a bracketing interval of width less than

p
✏ times its central

value, a fractional width of only about 10�4 (single precision) or 3 ⇥ 10�8 (double
precision). Knowing this inescapable fact will save you a lot of useless bisections!

The minimum-finding routines of this chapter will often call for a user-supplied
argument tol, and return with an abscissa whose fractional precision is about±tol
(bracketing interval of fractional size about 2⇥tol). Unless you have a better

x1 x2

m



Minimizzazione di una funzione - precisione

In prossimità del minimo vale l'approssimazione:

se f(x) è nota con precisione ε (i.e. f(x) ~ f(x0)) allora:

non senso cercare la x del minimo con una precisione migliore di 10-4 per un float
e 10-8 per un double… 

f(x)
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Figure 10.1.1. Successive bracketing of a minimum. The minimum is originally bracketed by points
1,3,2. The function is evaluated at 4, which replaces 2; then at 5, which replaces 1; then at 6, which
replaces 4. The rule at each stage is to keep a center point that is lower than the two outside points. After
the steps shown, the minimum is bracketed by points 5,3,6.

contrariwise, if f(b) > f(x), then the new bracketing triplet is (b, x, c). In all cases
the middle point of the new triplet is the abscissa whose ordinate is the best minimum
achieved so far; see Figure 10.1.1. We continue the process of bracketing until the
distance between the two outer points of the triplet is tolerably small.

How small is “tolerably” small? For a minimum located at a value b, you
might naively think that you will be able to bracket it in as small a range as
(1 � ✏)b < b < (1 + ✏)b, where ✏ is your computer’s floating-point precision, a
number like 3⇥ 10�8 (for float) or 10�15 (for double). Not so! In general, the
shape of your function f(x) near b will be given by Taylor’s theorem

f(x) ⇡ f(b) +
1

2
f 00(b)(x� b)2 (10.1.1)

The second term will be negligible compared to the first (that is, will be a factor ✏
smaller and will act just like zero when added to it) whenever

|x� b| <
p

✏|b|

s
2 |f(b)|
b2f 00(b)

(10.1.2)

The reason for writing the right-hand side in this way is that, for most functions,
the final square root is a number of order unity. Therefore, as a rule of thumb, it
is hopeless to ask for a bracketing interval of width less than

p
✏ times its central

value, a fractional width of only about 10�4 (single precision) or 3 ⇥ 10�8 (double
precision). Knowing this inescapable fact will save you a lot of useless bisections!

The minimum-finding routines of this chapter will often call for a user-supplied
argument tol, and return with an abscissa whose fractional precision is about±tol
(bracketing interval of fractional size about 2⇥tol). Unless you have a better

x1 x2

mPrecisione

In prossimità del minimo vale l’approssimazione
parabolica:

f(x) ⇡ f(x0) +
1
2 · f 00(x0) · (x� x0)

2

Se f(x) è nota con precisione "

||x� x0|| =
q
2"/f 00(x0)

Se la precisione della macchina è 10�12 il mi-
nimo non può essere trovato con precisione su-
periore a circa 10�6

Precisione

In prossimità del minimo vale l’approssimazione
parabolica:

f(x) ⇡ f(x0) +
1
2 · f 00(x0) · (x� x0)

2

Se f(x) è nota con precisione "

||x� x0|| =
q
2"/f 00(x0)

Se la precisione della macchina è 10�12 il mi-
nimo non può essere trovato con precisione su-
periore a circa 10�6



Minimizzazione di una funzione – ricerca aurea

Abbiamo ristretto il nostro intervallo a [A,B] e sappiamo che in C vale:

xA<xC<xB con f(A)>f(C) e f(B)>f(C)

(la procedura che ora "svilupperemo" in realtà la potremo usare, da subito, anche
per scegliere C)
• assumiamo per semplicità di notazione che xB – xA = 1
• assumiamo che C sia "oltre la metà", cioè che disti ω da A e 1-ω da B (l'altro caso

è ovviamente identico ma speculare)

f(x)

Ricerca aurea

fC  fA e fC  fB AB = 1

• Ho trovato un minimo se conosco tre punti A, B e

C per cui:

xa < xC < xB con f(xA) > f(xC) e f(xB) > f(xC)

• C dista w > 0.5 da A e 1� w da B

• Cerco una scelta ottimale per w, cioè una scelta che

restringa ad ogni passo di un fattore w l’intervallo

in cui cercare il minimo

• Prendo D tale che AC = DB = w ·AB

• Il minimo si può ora trovare tra A e C oppure tra

D e B

• Se [A,C] è il nuovo intervallo AD/AC = AC/AB per

avere autosimilarità

• w2 = 1 � w e quindi w = (
p
5 � 1)/2 ⇡ 0.618 è la

sezione aurea



Minimizzazione di una funzione – ricerca aurea

Scelgo un nuovo punto, D, tale che AC = DB = ω AB = ω

Il minimo adesso può stare in [A,C] o in [D,B]. Questo ci viene detto da una, singola, 
nuova valutazione della funzione, f(D).

Assumiamo che il minimo sia in [A,C] (l'altro caso, quello in figura tra l'altro, al solito, 
è speculare ma identico).
Data la scelta di D, il nuovo tripletto [A,C,D] è identico (ma scalato) al vecchio [A,B,C]

f(x)

Ricerca aurea

fC  fA e fC  fB AB = 1

• Ho trovato un minimo se conosco tre punti A, B e

C per cui:

xa < xC < xB con f(xA) > f(xC) e f(xB) > f(xC)

• C dista w > 0.5 da A e 1� w da B

• Cerco una scelta ottimale per w, cioè una scelta che

restringa ad ogni passo di un fattore w l’intervallo

in cui cercare il minimo

• Prendo D tale che AC = DB = w ·AB

• Il minimo si può ora trovare tra A e C oppure tra

D e B

• Se [A,C] è il nuovo intervallo AD/AC = AC/AB per

avere autosimilarità

• w2 = 1 � w e quindi w = (
p
5 � 1)/2 ⇡ 0.618 è la

sezione aurea



Minimizzazione di una funzione – ricerca aurea

Poiché i tripletti [A,B,C] e [A,C,D] sono praticamente identici, deve valere la 
proporzione:

1-ω : ω = ω : 1

cioè:

ω2 = 1-ω

ω = (sqrt(5) – 1) / 2 ~ 0.618, cioè la sezione aurea



Minimizzazione di una funzione – ricerca aurea

In sostanza:

- abbiamo ridotto l'intervallo di ricerca di quasi un fattore 2 (1.618 = 1/0.618)
- identifichiamo il nuovo intervallo, fra due, con una sola nuova valutazione di f(x)
- il restringimento dell'intervallo lo ripetiamo iterativamente (tenendo sempre a 
mente                               )
- ad ogni nuovo intervallo D' costituisce la nostra stima del punto di minimo 

f(x)

Ricerca aurea

fC  fA e fC  fB AB = 1

• Ho trovato un minimo se conosco tre punti A, B e

C per cui:

xa < xC < xB con f(xA) > f(xC) e f(xB) > f(xC)

• C dista w > 0.5 da A e 1� w da B

• Cerco una scelta ottimale per w, cioè una scelta che

restringa ad ogni passo di un fattore w l’intervallo

in cui cercare il minimo

• Prendo D tale che AC = DB = w ·AB

• Il minimo si può ora trovare tra A e C oppure tra

D e B

• Se [A,C] è il nuovo intervallo AD/AC = AC/AB per

avere autosimilarità

• w2 = 1 � w e quindi w = (
p
5 � 1)/2 ⇡ 0.618 è la

sezione aurea

Precisione

In prossimità del minimo vale l’approssimazione
parabolica:

f(x) ⇡ f(x0) +
1
2 · f 00(x0) · (x� x0)

2

Se f(x) è nota con precisione "

||x� x0|| =
q
2"/f 00(x0)

Se la precisione della macchina è 10�12 il mi-
nimo non può essere trovato con precisione su-
periore a circa 10�6



Minimizzazione di una funzione – approssimazione iperbolica

Assumiamo che vicino al minimo la funzione possa essere ben approssimata come 
una parabola:

trovare x0 significa trovare il minimo (se l'approssimazione è valida). Con tre 
valutazioni di f(x) possiamo scrivere 3 equazioni in 3 incognite, x0, P e Q:

f(x)
Interpolazione parabolica

A

B

C

Suppongo di essere abbastanza vicino al mini-
mo. La funzione f(x) può essere approssimata
abbastanza bene come

f(x) ⇡ P +Q · (x� x0)
2

Trovare x0 vuole quindi dire trovare il minimo
se è esatta questa ipotesi; inoltre la procedura
è molto più veloce della ricerca aurea

P +Q · (xA � x0)
2 = fA

P +Q · (xB � x0)
2 = fB

P +Q · (xC � x0)
2 = fC

x

Interpolazione parabolica

A

B

C

Suppongo di essere abbastanza vicino al mini-
mo. La funzione f(x) può essere approssimata
abbastanza bene come

f(x) ⇡ P +Q · (x� x0)
2

Trovare x0 vuole quindi dire trovare il minimo
se è esatta questa ipotesi; inoltre la procedura
è molto più veloce della ricerca aurea

P +Q · (xA � x0)
2 = fA

P +Q · (xB � x0)
2 = fB

P +Q · (xC � x0)
2 = fC

Interpolazione parabolica

A

B

C

Suppongo di essere abbastanza vicino al mini-
mo. La funzione f(x) può essere approssimata
abbastanza bene come

f(x) ⇡ P +Q · (x� x0)
2

Trovare x0 vuole quindi dire trovare il minimo
se è esatta questa ipotesi; inoltre la procedura
è molto più veloce della ricerca aurea

P +Q · (xA � x0)
2 = fA

P +Q · (xB � x0)
2 = fB

P +Q · (xC � x0)
2 = fC



Minimizzazione di una funzione – approssimazione iperbolica
Sottraendo le equazioni a due a due mi libero di P:

con il rapporto elimino Q:

cioè

Sottraendo le equazioni a due a due mi libero
di P :

Q ·
⇥
(xA � x0)2 � (xB � x0)2

⇤
= fA � fB

Q ·
⇥
(xB � x0)2 � (xC � x0)2

⇤
= fB � fC

Facendo il rapporto elimino Q

(xA � x0)2 � (xB � x0)2

(xB � x0)2 � (xC � x0)2
=

fA � fB
fB � fC

ovvero
x2
A + x2

0 � 2xAx0 � x2
B � x2

0 + 2xBx0

x2
B + x2

0 � 2xBx0 � x2
C � x2

0 + 2xCx0
=

fA � fB
fB � fC

x2
A � x2

B +2(xB � xA)x0

x2
B � x2

C +2(xC � xB)x0
=

fA � fB
fB � fC

�
x2
A � x2

B +2(xB � xA)x0
�
(fB � fC) =

�
x2
B � x2

C +2(xC � xB)x0
�
(fA � fB)

�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA) =

2 · x0 · [(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]

x0 =
1

2
·
�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA)

[(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]

Sottraendo le equazioni a due a due mi libero
di P :

Q ·
⇥
(xA � x0)2 � (xB � x0)2

⇤
= fA � fB

Q ·
⇥
(xB � x0)2 � (xC � x0)2

⇤
= fB � fC

Facendo il rapporto elimino Q

(xA � x0)2 � (xB � x0)2

(xB � x0)2 � (xC � x0)2
=

fA � fB
fB � fC

ovvero
x2
A + x2

0 � 2xAx0 � x2
B � x2

0 + 2xBx0

x2
B + x2

0 � 2xBx0 � x2
C � x2

0 + 2xCx0
=

fA � fB
fB � fC

x2
A � x2

B +2(xB � xA)x0

x2
B � x2

C +2(xC � xB)x0
=

fA � fB
fB � fC

�
x2
A � x2

B +2(xB � xA)x0
�
(fB � fC) =

�
x2
B � x2

C +2(xC � xB)x0
�
(fA � fB)

�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA) =

2 · x0 · [(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]

x0 =
1

2
·
�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA)

[(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]

Sottraendo le equazioni a due a due mi libero
di P :

Q ·
⇥
(xA � x0)2 � (xB � x0)2

⇤
= fA � fB

Q ·
⇥
(xB � x0)2 � (xC � x0)2

⇤
= fB � fC

Facendo il rapporto elimino Q

(xA � x0)2 � (xB � x0)2

(xB � x0)2 � (xC � x0)2
=

fA � fB
fB � fC

ovvero
x2
A + x2

0 � 2xAx0 � x2
B � x2

0 + 2xBx0

x2
B + x2

0 � 2xBx0 � x2
C � x2

0 + 2xCx0
=

fA � fB
fB � fC

x2
A � x2

B +2(xB � xA)x0

x2
B � x2

C +2(xC � xB)x0
=

fA � fB
fB � fC

�
x2
A � x2

B +2(xB � xA)x0
�
(fB � fC) =

�
x2
B � x2

C +2(xC � xB)x0
�
(fA � fB)

�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA) =

2 · x0 · [(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]

x0 =
1

2
·
�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA)

[(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]



Minimizzazione di una funzione – approssimazione iperbolica

che quindi ci da la formula per il punto x0, che pensiamo essere il punto di minimo:

Da notare:

• il metodo NON è iterativo

• il metodo funziona solo se ci siamo già ristretti ad un intervallo ridotto, in cui è 
presente il minimo e in cui possa valere l'approssimazione parabolica

à tipicamente si utilizza la ricerca aurea su larghi intervalli, quando la funzione 
presenta diversi minimi locali e, una volta ristretto l'intervallo si utilizza 
l'approssimazione parabolica per convergere velocemente al minimo

Sottraendo le equazioni a due a due mi libero
di P :

Q ·
⇥
(xA � x0)2 � (xB � x0)2

⇤
= fA � fB

Q ·
⇥
(xB � x0)2 � (xC � x0)2

⇤
= fB � fC

Facendo il rapporto elimino Q

(xA � x0)2 � (xB � x0)2

(xB � x0)2 � (xC � x0)2
=

fA � fB
fB � fC

ovvero
x2
A + x2

0 � 2xAx0 � x2
B � x2

0 + 2xBx0

x2
B + x2

0 � 2xBx0 � x2
C � x2

0 + 2xCx0
=

fA � fB
fB � fC

x2
A � x2

B +2(xB � xA)x0

x2
B � x2

C +2(xC � xB)x0
=

fA � fB
fB � fC

�
x2
A � x2

B +2(xB � xA)x0
�
(fB � fC) =

�
x2
B � x2

C +2(xC � xB)x0
�
(fA � fB)

�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA) =

2 · x0 · [(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]

x0 =
1

2
·
�
x2
A � x2

B

�
(fB � fC) +

�
x2
B � x2

C

�
(fB � fA)

[(xC � xB)(fA � fB) + (xB � xA)(fC � fB)]


